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  It has been discussed that the elementary excitation  in the fractional 
quantum Hall (FQH) system has a fractional charge and obeys the fractional 
statistics. This elementary excitation has been experimentally confirmed in 
conductance measurements of the system with anti-dot, and moreover, shot-
noises in the quantum point contact have been naturally interpreted in terms 
of carriers with fractional charge. On the other hand, the fractional charge or 
statistics has been also discussed in some of one-dimensional models. Exact 
theories with respect to such models tell us that the elementary excitation 
manifests its nature in the dynamics. For example, the dynamical spin struc-
ture factor of the Heisenberg chain is mainly interpreted by two spinons, and 
the single-particle spectral function of the Calogero-Sutherland model is com-
posed of the spectrum of free quasi-particles and -holes. The circumstance 
in one-dimensional models make us consider possible manifestations of the 
elementary excitation in the dynamics of FQH systems. 
  By now the dynamics has been studied for the density fluctuation of FQH 
systems. However no indication of quasi-particle excitations is seen in the 
excitation spectrum. We consider that this is because the attractive inter-
action between quasi-electrons and -holes makes bound states of them and 
prevents manifestation of their anyonic feature in the dynamical charge struc-
ture factor. On the other hand, in the case of the excitation of single-electron 
removal, it is expected that the created quasi-holes are free from particle-hole 
attraction and the spectrum is dominated by only the quasi-hole. On this 
ground, we study in the present thesis the single-electron spectral function 
of v =  1/p (p = 3, 5) FQH systems and show that characteristic structures 
due to e/p-charged quasi-holes emerge in the spectrum. 
  We deal with the Hamiltonian composed of the Coulomb interactions 
between electron pairs, between the electron and the positive background 
charge, and between positive background charges. We adopt the symmet-
ric gauge for the vector potential and assume that the positive background 
charge spreads uniformly on the disk with finite radius. We restrict ourselves 
into the subspace of the lowest Landau level. 
  First we show the result of numerical studies on the electron removal 
excitation for systems with six and seven electrons. The spectral function 
obtained by numerical diagonalization exhibits following two properties:  (i)
The spectrum is classified into two parts with respect to the intensity. The 
part with large intensity lies in the low energy side. (ii) There appear remark-
able structures on the low energy bound of the spectrum. In order to analyze 
these properties of the spectrum, we introduce a variational wave function 
called "p-quasi-hole state" for the electron removal excitation in v =  1/p. 
Comparison of the single-electron spectral function with the energy spec-
trum of the p-quasi-hole state gives the interpretation on the properties of 
the single-electron spectrum in terms of the elementary excitation: (i) The re-
gion with large intensity almost coincides with the spectrum of p-quasi-hole 
states. This means that the electron removal excitation is approximately 
reproduced by p-quasi-hole excitation, in other words, the elementary exci-
tation picture is valid. (ii) The structure on the low energy bound is well 
reproduced by the spectrum of the single quasi-hole. Therefore the low en-
ergy bound of the spectrum reflects the intrinsic nature of the quasi-hole 
directly and its shape provides the evidence of the quasi-hole excitation. 
  Next we discuss the single-electron spectrum for v = 1/3 in the macro-
scopic limit. To this end we obtain the spectrum of three-quasi-hole states 
in the macroscopic limit as follows. At the beginning, the spectrum is qual-
itatively expected by intuitive analyses of three-quasi-hole states. Secondly 
the expected spectrum is confirmed by numerical studies on the three hole 
excitation in  v = 1 with N = 0(102) electrons and by the Monte-Carlo cal-
culation on the excitation energy of three-quasi-hole states in  v = 1/3 with 
N = 11 electrons. Furthermore, by Monte-Carlo method, we evaluate the 
excitation energies in the macroscopic limit with respect to four three-quasi-
hole states, namely (1) three quasi-holes are at the edge, (2) one quasi-hole 
is at the center with the other two at the edge, (3) two quasi-holes are lo-
calized at the center with the other one at the edge, (4) all of the three 
quasi-holes are at the center. With these energies, the excitation spectrum 
of three-quasi-hole states is quantitatively obtained. Now the single-electron 
spectrum is composed of the spectrum of three-quasi-hole states and that of 
bound states of quasi-holes expressed by linear combinations of three-quasi-
hole states. In particular, we show that free quasi-hole continuum gives rise 
to the iterative structure on the low energy bound of the single-electron spec-
trum. Such structure reflects the nature of the quasi-hole directly and thus 
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Since its discovery, the fractional quantum Hall effect (FQHE) has provided 
a lot of subjects in physics at large [1, 2, 3, 4]. Above all the elementary 
excitation has been one of the fascinating topics in FQHE. Laughlin has first 
given not only the explanation of the FQHE with filling factor v =  1/p (p: 
odd integer) but also the prediction of the  e/p-charged elementary excitations 
in his work [5]. Moreover it has been pointed out in several works that these 
elementary excitations obey the fractional statistics [8, 9]. 
  Such unconventional elementary excitations have not been ideal matter. 
FQHE is typically observed in two-dimensional systems realized by semi-
conductor hetero-junction of  GaAs/AIGaAs. Recent development of semi-
conductor techniques enables one to construct nano-scale structures in these 
two-dimensional systems, and the observation of fractionally charged particle 
has been achieved in such systems. Goldman  and Su [10] have found the evi-
dence of fractional charge in the conductance through quantum anti-dot, and 
furthermore shot-noise measurements in quantum point contact performed 
by two groups (de Picciotto et al. [11, 12] and Saminadayar et al.  [13]) have 
been naturally interpreted in terms of carriers with fractional charge  [14j. 
  The elementary excitation with fractional charge or statistics is estab-
lished in one-dimensional models. It is instructive to review  well-known cir-
cumstances in one-dimensional models. Let us pick up the Heisenberg chain 
and Calogero-Sutherland model (CSM) as examples. First, in the case of the 
one-dimensional spin 1/2 Heisenberg model: 
 H  =Esi  si+i, 
the elementary excitation called spinon obeys the fractional statistics without
3
the charge. The spin excitation of this model is dominated by two spinons. 
The excitation energy w against momentum q due to two spinon excitation 
is exactly represented by
 w(q)  =  ws(qi)  +  ws(q2),  q  =  q1  +  q2, 
 71 
 cvs(qi) =  —2  sin 
in the macroscopic limit [15] where  qi satisfies 0 <  qi <  7r.  cas(qi) represents 
the spectrum of single spinon, and  qi denotes the quantum number (wave 
number) of the spinon. Figure 1.1(a) shows the contribution of two spinon 
excitation to the dynamical spin structure factor. The continuum of dark 
gray region corresponds to w(q). The low energy boundary of the continuum 
coincides to the curve  1(7/2) sin  ql called des Cloizeaux-Pearson dispersion 
[16]. The two-fold structure of the des Cloizeaux-Pearson dispersion directly 
reflects that two spinons are created. 
  Next, in the case of the CSM:
 1  N d2   A(A  —  1) 
 H-= + 
             21dxii<iI(L/7) sin[7(xixj)11,] 
the dynamics is interpreted in terms of the elementary excitations, quasi-
particles and -holes. The quasi-particle and -hole of CSM carry the charge 
1 and —1/A in the unit of e = 1 [17], and obey the fractional statistics 
[18, 9]. If we assume the integer coupling constant A, the single-particle 
removal excitation generates A quasi-holes. The excitation spectrum of the 
single-particle removal is given by
    w(q)  =  wh(qi)  +  wh(q2)  +  •  •  •  +  wh(qA),  q  =  +  q2  +  -  -  -  + 
                      A 
 wh(qi) =-2(1 — 
[19, 201 where we assumed the work function —A2/2.  wh(qi) means the spec-
trum of the quasi-hole, and the quantum number of quasi-hole  qi satisfies 
—1  <  qi  < 1. We supposed  7r  p = 1, where p =  NIL indicates the density; N 
is the number of particle, and L is the length of the system. Figure 1.1(b) 
shows the spectral support of the particle removal excitation in the CSM. In 
common with the two spectra in Fig.1.1, there appear repeated structures on 
the lower bound of the energy. The unit of the repetition corresponds to the
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spectrum of the quasi-particle, and the number of the repetition is identical 
with the number of created quasi-particles. Therefore the elementary exci-
tation is directly responsible for the structure of the excitation spectrum. 
Thus these one-dimensional models tell us that the elementary excitation 
manifests its nature in the dynamics. 
  Encouraged by one-dimensional models, we study the dynamics of FQH 
system from the viewpoint of the elementary excitation. By now several 
works have discussed the dynamical response of density fluctuations in FQH 
systems[21, 22]. However the excitation spectrum of the density fluctuation is 
not clearly interpreted in terms of the elementary excitation. Because created 
quasi-electrons and -holes form bound states, which veils the anyonic nature 
of them. Then we consider the electron removal excitation in the present 
thesis. In this case it is expected naively that p quasi-holes are created by 
the single-electron removal for  v =  1/p, because of charge conservation; the 
quasi-hole has the charge  e/p. In contrast to the density fluctuation, the 
single-electron spectrum should be free from the electron-hole attraction, 
and we expect that a structure peculiar to the  quasi-hole excitation appears 
on the spectrum. 
  We aim in the present thesis to reveal the structure of dynamical response 
of FQH systems in terms of elementary excitation. In particular, we discuss 
the dynamical response of the single-electron removal in FQH systems with 
the lowest Landau level filling  v =  1/p (p = 1, 3, and 5) and show that the 
corresponding excitation spectrum is characterized by a peculiar structure 
due to the e/p-charged quasi-holes. 
  We organize the present thesis as follows. To begin with we review the 
basic theory of FQH system in Chapter 2. Laughlin's wave functions and 
theory of dynamical response for density fluctuation by Girvin et al. are 
explained there. Next we summarize properties of the elementary excitation 
in the  v =  1/p FQH system in Chapter 3. In Chapter 4, numerical study 
for the single-electron spectrum in  v = 1/3 and 1/5 is described. We show 
the single-electron spectral function directly obtained by numerical diagonal-
ization. Then we introduce a trial function called "p-quasi-hole  state"  . By 
comparing the spectral function with the energy spectrum of the p-quasi-hole 
state, we interpret the dynamical response of the single-electron removal in 
terms of the elementary excitation. In Chapter 5, we explore the single-
electron spectrum of  v = 1/3 in the macroscopic limit on the basis of the 
spectrum of the three-quasi-hole state. The form of the spectrum of three-
quasi-hole states is inferred from naive analyses of the three-quasi-hole state.
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Figure 1.1: (a): Spectral support of the spin structure factor of S = 1/2 
Heisenberg chain. Only the contribution from the two spinon excitation is 
drawn. (b): The single-particle spectrum of the CSM with coupling param-
eter  A = 3. Remark that the work function —A2/2 is taken into account. 
In both figures (a) and (b), the ordinate denotes excitation energy and the 
abscissa denotes momentum of excited state. The continuous gray region is 
composed of the dispersion of created elementary excitations. The structure 
due to the dispersion of the elementary excitation appears explicitly on the 
low energy boundary of the spectrum.
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On the analogy of three hole excitation in  v = 1 and by Monte-Carlo cal-
culation in  v = 1/3, we make sure of the expected spectrum numerically. 
Moreover we obtain the spectrum quantitatively by Monte-Carlo method in 
the end of this chapter. Finally we comments on some related topics and 
summarize our study in Chapter 6.
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Chapter 2 
Overview of  fractionalquantum 
Hall systems 
In this chapter, we describe the basic theory of FQH systems. It is noted 
in advance that the uniform magnetic field is applied along the z-axis with 
strength B (> 0): B =  E3,, and the Planck constant is taken to be unity: 
h = 1. The light velocity, the electron mass in vacuum, and the electron 
charge are denoted by c,  me, and —e (e > 0) respectively. 
2.1 Two-dimensional electrons in strong mag-
    netic field 
The  Hamiltonian of the single electron in the magnetic field is given by 
                                         2 
 H  = 1(rx2 +  7ry)  , (2.1) 
 2m,\ 
 7r  =  p  +  —eA(r) (2.2) 
 c where p and A(r) are the momentum operator of the electron and the vector 
potential. The vector potential satisfies rotA(r) =  B. Because of the 
existence of magnetic field, the components of dynamical momentum  71s and 
 7ry do not  commute and obey the commutation relation 
 i 
 [7z-,  7r}  =  /2  5 (2.3) 
B
                       8
where we defined the magnetic length by 1B =  Jc/eB. We introduce the 
dimensionless operators 
           A =/B./B(7rx —  i7ry), At = (7rx +  i7ry). (2.4) 
They satisfy the commutation relation [A,  All = 1 and the Hamiltonian is 
written as 
              H = (AtA  +1—2), (2.5) 
where  we =  eB/mec is the cyclotron frequency. Equation (2.5) means that 
the kinetic energy of an electron is quantized into so called Landau level. 
  In each Landau level there are degenerated states. If the magnetic field 
is absent, the density of states (DOS) is independent of the energy  E of an 
electron for the two-dimensional system. Supposing S to  be the area of the 
system, the DOS is given by  g(€) =  meS/27r. In the case with magnetic field, 
the energy levels in the range of  we shrink into single Landau level. Hence 
the number of degeneracy in the Landau level is given by 
          =  
                      meS
we=   
                       27r27r/L 
The degeneracy of the Landau level is attributed to the degree of freedom of 
the guiding center. To see this, we introduce the guiding center coordinate 
by 
 X  =  r  —  /2B7r. x 
The components (X, Y) of X satisfy the commutation relation [X, Y] =  ilL, 
and commute with  71-. Furthermore we define the dimensionless variable: 
       B 11 (X + iY), Bt = (X — iY), (2.6)      0/
B 0/B 
which satisfies  [B,  Bt] = 1. Then we have 
 X2 +  Y2 = 212B(/3113 +  1). 
 2 This formula implies that there is one state in every area of  274 for each 
Landau level. Therefore the degeneracy  No =  SI2712B is nothing but the 
number of quantized guiding centers.
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  The above formulation is independent of the selection of the gauge. It is 
necessary to fix the gauge and the geometrical symmetry in order to obtain 
the complete orthogonal basis. If we choose the symmetric gauge: A(r) = 
 (B/2)(—y±±xW, the system has rotational symmetry around z-axis and the 
angular momentum  Lz =  xpy —  ypx commutes with the Hamiltonian  (2.5). 
The complete orthogonal basis is given by the simultaneous eigenstate of  Lz 
and H. Under the closed boundary condition at infinity, it is written as
 07,1(z), crtizi—Liii-noz12/21 2  B  )exp  [— 1,312 
 4/2B 1 (2.7)
where z  = x — iy is the complex position coordinate,  14,(x) is the Laguerre 
polynomials, and 
                   1  n!  C
ni  =    /1+1 \127r21-nt! 
is the normalization constant. n and  l take the non-negative integer and 
denote respectively the eigenvalue of H and  Lz: HaS                                                              ,n1
 LzOnt = (n00.t.=+  1/  2)Oni, 
  The many electron system in the magnetic field is specified in terms of 
the filling factor conventionally. The filling factor v is defined by v =  NINo, 
where N is the number of electrons. In the case of integer filling  (v: integer), 
all single-electron states are completely occupied up to the  v-th Landau level 
for the ground state. Then the wave function is given by the single Slater 
determinant. For example, in the case of  v = 1, the ground state is given by
 ({zi}) 
      =
 [00701  •  •  •  N-1] 
   1111 \r-1C  =11,Zi - Zi    V





 41  I
(2.8)
where  [00,  01,  •  •  •] indicates the Slater determinant with respect to  00,  01,  •  •  •, 
 and  0/ is given by  eq.(2.9) with n = 0:
 01(z) =  CI? exp  [  1212 






On the other hand, the ground state degenerates in fractional filling case. 
We must take into account an interaction between electrons, so that the 
degeneracy is  resolved. 
  We mention here the energy scale in the fractional quantum Hall system. 
There are three energy scales in the system, namely the cyclotron energy 
 we, Coulomb energy at magnetic length  e2/1B, and Zeeman energy  gABB, 
where g and  AB indicate the g-factor of an electron and the Bohr magneton 
respectively. In the actual system, the electron mass should be replaced with 
the effective mass in the material. Moreover we should take into account 
the dielectric constant in the Coulomb potential. The electron effective mass 
 me*, dielectric constant  E, and g-factor depend on the material which provides 
the FQH system. If we assume GaAs as the material for FQH system, these 
constants are given by  me* me/15, E  - 13, and g = 4/9, which yield




         0.3meV
for B = 10(T), the typical strength of magnetic field in FQHE. Since  we 
is the largest of the three, the kinetic energy should be always minimized 
as far as low energy states are concerned. Thus we may omit the kinetic 
energy and deal with only the degenerated states with the ground kinetic 
energy. Furthermore it is often assumed for simplicity that Landau levels 
are decoupled from each other, and only the partially filled Landau level is 
considered. This assumption is justified when  we is much larger than  OMB. 
Since  we and  e21E1B are respectively proportional to B and  Nig, such situation 
corresponds to the strong limit of magnetic field. On the other hand the scale 
of Zeeman energy is too small compared to the other two scales. Therefore 
we may neglect the contribution by the Zeeman interaction as far as the 
energy scale  e21E1B is concerned. 
  The many body Hamiltonian is given by
 H  =  PE 
      i<i  El  Zi
e2
  Z-1 
   3
P. (2.10)
P is the operator which projects the electron into the  ([v] + 1)-th Landau 
level, where  [*] is the Gauss' symbol (largest integer  smaller than *). The
11
Hamiltonian (2.10) is expressed in terms of the Haldane's pseudo-potential 
 V (see Appendix A). 
 e200        H—ElE E(2.11)                               B i<i  1=0 
where  Pi(Lii,) is the projection operator by which the relative angular mo-
mentum between i- and j-th electrons is projected to  [I)] — 1. We remark 
 Pi(Lijz) = 0 for even 1 since the fermionic state forbids the even value of rel-
ative angular momentum as far as the spin is symmetric under the exchange 
of particles. . If the electrons are in the lowest Landau level:  v  < 1, the 
Haldane's pseudo-potential is given by 
 ,‘/-  (2/  —  1)!!  
  = ( 
 2  211!(2.12)
2.2 v =  1/p FQH droplets 
It is impossible to solve  eq.(2.10) exactly. However approximate solutions 
are obtained for the cases with particular filling factors. In this section we 
review the Laughlin's theory [5] for v =  1/p (p: odd integer). 
  The experiments of FQHE [1] show that the Hall resistance manifests 
plateau and the magnetic resistance vanishes around v =  1/p =  1,3, 5) 
as well as integer v. This fact means that the electron states of  v =  1/p 
have the same nature as integer v, namely a finite energy gap separates the 
excited states from the ground state at v =  1/p as is the case with integer 
 v. Then Laughlin gave a trial function for the ground state of v =  1/p. The 
conditions which the trial state should satisfy are as follows: 
• The state must be anti-symmetric with respect to the exchange of coordi-
nates for any pair of electrons. 
• The state must belong to the subspace of  v =  1/p. 
• The state should reduce the Coulomb energy as much as possible. 
The spin of the electron is assumed to be polarized. The trial function given 
by Laughlin for the ground state is 
       P({ZiN izi121               n = H(•-•                      zi2'3P exp —) [E                           4/2(2.13)           i<i i=1B 
where the normalization is omitted. One can easily see that the state (2.13) 
is anti-symmetric with respect to the exchange  of  ; and  zi if only p is odd
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integer. The exponent of  zi in the Jastrow factor of the state (2.13) takes 
the integer from 0 to p(N — 1). This means  No p(N — 1)  + 1 effectively, 
and v =  N/NL  1/p with N  oo. The state (2.13) is of course not the 
exact ground state of the Hamiltonian (2.10). However it has been justified 
numerically from the following two aspects: (i) the energy of the state (2.13) 
is the lowest in any other candidates for the ground state, and  (ii) the overlap 
between the state (2.13) and the exact ground state for small-sized systems 
is very close to unity. 
  The relative angular momentum of each electron-pair in the  v =  lip 
Laughlin trial state (2.13) is given by p. In the subspace of the total angular 
momentum  Lz = pN(N — 1)/2, in which the Laughlin state (2.13) belongs 
to, the state (2.13) is a unique one with the relative angular momentum p. 
The other states have the relative angular momentum less than p. Therefore 
the Laughlin state (2.13) is the non-degenerate exact ground state with zero 
energy  in the subspace of  L, =  pN(N  —  1)/2 for the Hamiltonian
 e2 p-2  Hp-2  =  E  E  (Lijz)  •
 E'B  l=1(odd)
(2.14)
This Hamiltonian is given by  eq.(2.11) with  V/ = 0 for  1 > p. 
  Laughlin also wrote down the wave function of elementary excitations for 
v =  lip besides that of the ground state. The elementary excitations of the 
present system have the charge and are called quasi-hole and quasi-electron. 
These quasi-particles are created by attachment and removal of a magnetic 
flux respectively. The trial function of quasi-hole state and quasi-electron 
state given by Laughlin is
Int 1(e;  fzil) = H  (zz —  6)  wp({zi}), 
 2=1
(2.15)
 tppqew;  {zi})H  [e_lzi12,412 a9/2                         Adf,B—c)elzi12/4/2B]tpp{zi}),(2.16)
         i=1  40/Zi 
where  e  (e*) is the complex position coordinate of the quasi-hole (-electron). 
Suppose  6 = 0 in  eq.(2.15). Multiplication of the factor  fliN_,  z is the same as 
the operation of  MN_  ./3! to the Laughlin ground state, where  /3! is given in 
 eqs.(2.6). It raises the angular momentum of the all electron by unity, which 
is equivalent to the attachment of one flux at the center of droplet. The
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situation in  eq.(2.16) is the opposite. Thus we find that the wave functions 
Wqh (V') expresses attachment (removal) of one flux at to (from) the 
 P Laughlin ground state (2.13).
2.3 Density fluctuation 
The dynamics in FQH systems has been studied for density fluctuation in 
earlier works[21, 23, 24]. We briefly describe the theory of Girvin,  MacDon-
ald and Platzman  (GMP)[22, 25], in which the single mode approximation 
 (SMA)[26] is applied to the dynamical charge structure factor. 
  We consider the Hamiltonian (2.10) with filling factor v =  1/p (p = 
3,  5,  -  •  •), and restrict ourselves in the LLL. Supposing that  a, denotes the 
annihilation operator of an electron in the LLL with angular momentum m, 
the electron field operator is given by 
 (z)  =  E  an,0,(z), 
where the basis  Oni(z) in the LLL is defined by eq.(2.9). We note that the 
tilde on a quantity indicates exclusion of higher Landau levels. Because of 
the LLL restriction, the field operator satisfies unusual anti-commutation 
relation: 
    {1,b(z),/Pt(Y)}  =  Ecbm(*S•n* (2') = 1 ezzi./214-(izi2+142)/412,3 
 27/2B 
 =  S(z,z/*) 
On the other hand the original field operator  0(z) which involves higher 
Landau levels satisfies the usual anti-commutation relation  {7P(z),  01(z1)} 
 (5(r — r'). The density operator  p(r) and momentum density operator  ilk in 
the LLL subspace is defined by 
 73(r)  7,bt(z)b(z), = f dre-ik'r-OW 
The momentum density operator satisfies the following commutation relation 
 [nk,  = f  drde  [ii)t  (4)(z),  17)1  (4 (Y)] 
             = drdri(z)11)(Z)S(z,z'*)
14
where k
         -f (Z1)27)(Z)(5'.(e,z') 
           ek* kit13/2ekil* 11 /2)iik+ki,(2.17) 
 kx —  iky is the complex momentum, and we used the identities 
 f dridT2e-ik.r1-ik/.r211)f(Z1)17)(Z2)S(Z11  Z2*) 
= anitain2fm*1(zi) 07112(Z2 )6(zi,z2) 
 MI  ,M2 
   k* ki 12 = eB/22_7cifaf(z)Cbm,(z)       77tiM212 
 MI,M2
        =ek*k1113/2 f  dre-1(k-kr).r2-/11-(Z)7)(2) 
                  (ri r2 and k k'). 
Now the dynamical charge structure factor is given by 
 S(k,w) =  E  Ra1iik10126(w — 0 +  wg), 
where  1g) and  la) denote the ground and excited eigenstates 
and  w, respectively. By SMA, S(k, w) is arranged into 
 SsmA(k,  ())) =  N:§(k)6(co — 
where N is the number of electron and the static charge  structur 
in the LLL subspace is defined by 
                  s(k) =1( .9177009)- 
Introducing the oscillator strength in the LLL subspace: 
 f  (k)  =-1fdbicuSsmA (k,co) 
          = (.914(1-1w9)41.9) =12(g1[4, [71,4]110 
the gap function is given by 
 f  (k)                       ,(1c) =  g(k)• 
                       15
(2.18)
enote he round nd xcited igenstates  with energy  big















1-1 f drdrYPt(z)lift(z1) 
  dq     2'Um f drde 
 (271) 






 —  1/)s(z )0(z1)5(z, z
*))
where  'um =  (e2  I  E)  27r/lql is the Fourier component of the Coulomb potential, 
and  eq.(2.18) is used in the last equality. Then the commutator in  eq.(2.19) 
is calculated with  eq.(2.17) as follows:
[fit[fifha  kq 
= (kel2/2k*q12/2) [-fkq*12/2-kqlB/2)1-t   eBeBnk, n_qnk±cdBesink,  nk 
 (ekq*1B/2  ek*  q1B/2)  [e-Ikl21B  /  2  (e-k*q12B  e-kq*1B/2) 
 (ek*q12B/2  eke18/2)                                      "k+qt nk-Fq]
 +  (q  —q).
 ci]
Thus we obtain






   (eket2B/2  _ ek.4/2)R4                    ek./2eket73/2)g
 +  e-Ik12t2B/2  (Ce41213/2  eke12.8/2)  :§(q ]  .
 (k  +  q)
Since  f  (k) is expressed in terms of  g  (k)  , obtaining  :§(k) is sufficient to eval-
uate the gap function (2.20). In order to obtain  §(k), we relate it with the 
original static charge structure factor
s(k)
 1 =  Wf("nklg) 1 
N  (91ntknk19),
where  nk = f drp(r) 
written with  iik as
and p(r) =  Of  (z)  (z).  nicnk in the above formula is
 nkt  nk = f drd r'ne  ilc-(r-e)ift  (z)0(z)0(zi  )0(z')
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    =  f  drdrieik'('-`1)  (--bt(z)lift(z1)0(z)lP(zi) +  6(r —  ri)P(r)) 
      N — f drdrleik.(r-r')(z)  (iiit(z1) +(st  (Y)) ((z) +  60z))  li)(Y) 
        N  — f drdrieik.(r-ri)l-Pt  *--bt(z`)(z)(zi) 
       N — — f  drdrieik.(r-r')il)t(z)t:b(Y)kz, z'*  
    =  nknk +N  (1 —  e-lkl2t21312)  (2.21) 
where we denoted the field operator coming from the higher Landau levels 
by  (50(z) =  0(z)  —  0(z). We remark that the term including  (5'0(z) as normal 
order vanishes, and that  eq.(2.18) is used in the last equality again. From 
eq.(2.21), we obtain 
 :§(k) = s(k) — 1 +  Clk12113/2. (2.22) 
If we assume the Laughlin state (2.13) as the ground state  1g), s(k) is yielded 
by pair correlation function  g(lz) =  (glOt  (z)IPt  (0)  (0)11)(z)1g)  (v  2712B) as 
              s(k) = 1 + 2 f dreik'g 
                  7/2B( I 
where  g(Iz1) is computed by Monte-Carlo method for systems with N = 
 0(102)  electrons[27,  28]. Figure 2.1 shows the excitation spectrum w =  A(k) 
obtained by GMP for  v = 1/3 and 1/5 The spectra have two principal prop-
erties: (1)The finite gap lies in the all region of  lid. (2)A minimum exists 
near  IklIB  ,-- 1 (called magneto-roton  minimum). (1) and (2) reflect respec-
tively the incompressibility of the ground state and the tendency toward the 
Wigner crystallization. We note that the SMA is valid when the spectral 
weight concentrates at the single isolated branch. Some studies by numerical 
diagonalization for small-sized system (N < 10) have supported not only 
the behavior of gap  function[21, 24] but also the validity of SMA around 
IIIB  —  1[29]. 
  It is evident in Fig.2.1 that there is no structure due to the Laughlin's 
elementary excitation in the excitation spectrum of density fluctuation. We 
interpret that this is because the attractive interaction between created quasi-
electrons and -holes forms bound states of them and makes their individual 
nature invisible. In order to unveil the intrinsic nature of the quasi-particle 
in the excitation spectrum, it is necessary to release the quasi-particles from 
the attractive interaction. For this end, the dynamics of the electron removal 
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Figure 2.1: Excitation spectrum of density fluctuation as a function of mo-
mentum  lk  1/B by single mode approximation (from  ref.[22]). Triangles and 
circles indicate results of numerical calculations for systems of  zi = 1/3 with 
six and seven electrons respectively. The arrows show the primitive recipro-
cal lattice vector of hexagonal Wigner crystal. Finite energy gap opens in all 
region of  lk  11B and a minimum is clearly seen around  lic  1/B  --, 1. We can not 




The Laughlin's quasi-hole plays the special role in this study. In this chapter, 
we review the property of the elementary excitation in FQH systems. In 
particular the quasi-hole is mainly referred. 
3.1 Quasi-hole in FQH droplets 
Let us look over the Laughlin quasi-hole state (2.15) in further detail. We 
expand the Laughlin quasi-hole state into power series of as 
 N 
 Tp(e;  {zi})  =  (zi  e)  TrUzin 
 i=i 
 =  E(-1)1/N-/({zi})ewpazin• (3.1) 
 1=0 
where  xlip({zif) is the Laughlin ground state given by  eq.(2.13).  fiazin is 
the elementary symmetric polynomial of  /-th order of  {  zi}: 
 fo(fzin = 1, 
                                =  z1  +  Z2  +  •  •  •  +  ZN , 
 f2({Zi}) =  Z1Z2 +  •  •  • +  ZN-1ZN 
                                                                            
. . 
 f  N({Zil) =  Z1Z2  •  •  •  ZN  •
                       19
The exponent of in eq.(3.1) corresponds to the angular momentum of the 
quasi-hole. Then angular momentum representation of the quasi-hole state 
is generated from  eq.(3.1) by the spectral resolution. 
                        2 
               fe 
     Tp,[1]({zil) =':d(-1)N-10N-1(e)CN-tkilp(e; izine-IC12/4 
 
        =  it(fzil)Wpazin, (3.2) 
where  01(0 is defined by  eq.(2.9) and the normalization is omitted. The 
total angular momentum of the state (3.2) is given by  1,, =  1 + 3N(N  — 
1)/2. The index 1, which takes the values  0,  1,  2, , N, indicates the angular 
momentum of the quasi-hole.  1 = 0 corresponds to the state with the quasi-
hole near the edge of the FQH droplet, and the quasi-hole is at the center of 
the droplet in the  1 = N case to the contrary. We note that the state (3.2) 
with  1 = N is the same as (3.1) with = 0. This means that the quasi-hole 
with the quantum number 1 N is localized at the center of the droplet.
3.2 Fractional charge
We explain in this section that the quasi-hole represented by  eq.(3.1) has 
the fractional charge. The argument below follows Laughlin  (ref.[5]). The 
probability distribution of the state (3.1) is expressed as follows: 
 OA;  {zt})12 = (3.3)
N 
 F  =  —2p2  ln  —  zi  —  2pEln                                —±27 (3.4) 
 i<3  i=1 i=1 
where  /3 =  1/p, and the magnetic length is taken to be unity  1B = 1. We inter-
pret this expression as the Boltzmann factor of the classical one-component 
plasma in two-dimension. Namely the first term is regarded as the interac-
tion energy between the identical particles A with charge  qA = p. The second 
term corresponds to the interaction between the particle A and the disparate 
particle B with charge  qB = —1. The third term is regarded as the potential 
energy of the particle A in the background charge. We emphasize that the 
charge of the particle B is  1/p times smaller than that of the particles A, 
namely qB =  —(11p)qA. Obviously the particle A and B correspond to the 
electron and the quasi-hole respectively. Therefore, by the plasma analogy, 
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Figure 3.1: (a)Schematic picture of FQH system with QPC, and 
(b)experimental evidence of fractional charge (from  ref.[11]). The measured 
shot-noise vs. backscattered current in the FQH regime is fitted by the 
Johnson-Nyquist formula with the charge q = e/3. t indicates the transmis-
sion coefficient between the QPC, which is varied by gate voltage of QPC.
  We show here one of the experimental evidences of  fractionally charged 
quasi-particle. We consider the rectangular FQH system with quantum point 
contact (QPC) as drawn in  Fig.3.1(a). If the source-drain voltage  Vsd is not 
applied, the dissipationless edge current flows along the edge of the system. 
The dissipative current  I is induced by applying source-drain voltage  Vsd. 
If the edge channels do not interact between QPC, the current is given by 
I =  Imax =  v(e21h)Vsd in the FQH regime. Now we suppose that backscat-
tering of the edge current occurs between the QPC. The current I decreases 
from  /max, and the backscattered current  IB is defined by  IB  /max —  I. In 
the case of  v  =  1/p, the Laughlin quasi-particle with charge e/p gives rise to 
the the backscattered current. Since the number n of quasi-particle trans-
mitted between QPC in the time interval T obeys the poissonian distribu-
tion, the shot-noise S and the backscattered current  1B satisfy the Schottky 
formula[30, 31]: 
                  S =  ((ii)2)T =  —e IB, 
where i =  (e  I  p)nIT  ,  di = i —  (i), and (i) -= IB.  (lc) denotes the expectation 
value of * with respect to the poissonian distribution. The Schottky formula 
of zero temperature is replaced by the Johnson-Nyquist formula for finite
21
temperature  [14]. Figure 3.1(b) shows the shot noise against backscattered 
current for  v = 1/3 FQH system [11]. The shot noises are well fitted by the 
Johnson-Nyquist formula with e/3-charged carrier.
3.3 Fractional statistics
Laughlin's quasi-particle not only has fractional charge but also obeys the 
fractional statistics. In this section we review the definition of the fractional 
statistics briefly, following the Haldane's work [9]. 
  The definition of the fractional statistics introduced by Haldane is given 
by 
 Ad=  —gAN, (3.5) 
where  Ad is the variation of the  Hilbert space dimension with respect to 
the single quasi-particle when the number of the quasi-particle increases by 
 AN under the fixed system volume and boundary condition. g is referred as 
statistical parameter, which specifies the statistics of the quasi-particle. For 
example, in the case of the boson without the internal degree of freedom, 
the  Hilbert space dimension of the single boson state does not depend on 
the particle number in the system. Therefore the boson particles give g = 0. 
On the other hand the  Hilbert space dimension of single spinless fermion 
state varies by changing the particle number in the system. If the particle 
number increases by N, the variation of the dimension of single fermion state 
is  Lid= —N. Therefore we obtain g = 1 for fermions. 
  Let us now consider the electron removal excitation in the  xi =  1/p FQH 
system. We assume that there are Ne = N electrons in the system and the 
ground state is given by the Laughlin state (2.13). One electron removal 
from the ground state reduces the electron number by one  (Ne = N — 1), 
and creates p quasi-holes. The  Hilbert space dimension of the single quasi-
hole is  Ne + 1 = N, because the quantum number of the quasi-hole takes 
the values  1 =  0,  1,  -  •  • ,  Ne. If another electron is removed, p quasi-holes are 
created again. The number of electron is  Ne  = N — 2 and that of quasi-hole 
is 2p. The  Hilbert space dimension of the quasi-hole is  Ned-1=  N-1. Hence 
 AN = p quasi-holes are created and the  Hilbert space dimension of the single 
quasi-hole varies by  Ad =  —1 due to the process of one electron  removal 
excitation. Therefore we obtain g =  lip from the formula  Ad =  —gAN. 
This value of statistical parameter indicates the fractional statistics.
22
 Chapter 4 
Numerical  study for small-sized 
systems 
In this chapter, the excitation of single-electron removal is discussed for FQH 
systems with small number of electrons. After mentioning the model, we 
describe the numerical diagonalization  study_ In the last part of this chapter 
we introduce p quasi-hole trial states for  u =  lip, and show that the result 
of diagonalization is well interpreted by the variational wave function. We 
note that hereafter the magnetic length and the  Coulomb energy at the 
magnetic length  e21E1B are taken as the unit of length and energy respectively. 
4.1 Model 
As is described in the previous chapter the Coulomb interaction gives rise to 
FQH state. For the numerical study we take a disk-shaped system with the 
positive charge background. The total  Hamiltonian in the second quantized 
form is given by 
 71(N,  R)  7e_e(N) +  We_p(N R) +  7.(p_p(N,  I?),  (4.1) 
 1f(12 zz'„„ 
     lie—e(N) =—2—2—2Ol[z)1/5'lz'), 0(40(z)PN 
                                         Izi 
                      d2z d2 z'                NV R)0  7-1,_p(N R) = — PNf\N, 
            2 2 lz 
 1fd2 zz' no(r; N, R)771,(r'; N, R)  
                                                                                          r- 
                            1Zl7-tp_p(N, R)= P-2  2N7 
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where I, b(z) and n(r) =  ot(z)0(z) are the field operator and density opera-
tor of electron. PN is the operator which projects the Fock space onto the 
subspace of N electrons in LLL. Although the kinetic term is omitted in the 
total Hamiltonian (4.1), we have assumed the symmetric gauge and closed 
boundary at infinity. When the number of electron N is finite, the density 
of the uniform positive charge back ground cannot be defined so as to satisfy 
the neutrality condition. Then we have the positive charge spread uniformly 
in a disk with finite radius around the origin. The radius R of the disk is 
given by the relations  7r./12/27r1L = No and  N/No =  v for given N and filling 
factor  v. The distribution function of the positive charge background  rib is 
given by 
                 nb(r; N, R) = 
7R20 (R — r). 
Here we assume that the radius of the positive charge disk remains the same 
after the electron removal, and that the positive charge density reduces by 
the factor 1 —  1  I  N so as to keep the charge neutrality. 
  Since the Hamiltonian (4.1) is rotationally invariant,  I-1 is block-diagonalized 
with respect to the total angular momentum denoted by  Lz. It is not obvi-
ous which subspace of  L, the ground state of  7- belongs to for given N and 
 v. However we have known that the Laughlin wave function for the ground 
state has the total angular momentum  pN(N  —  1)/2 for  v =  ilp with N elec-
trons. Then we assume that the ground state of  14 belongs to the subspace 
of  L, = pN(N — 1)/2 for  v =  l/p with N electrons. 
  The single-electron spectral function is given by the spectral resolution 
of the single-electron Green function. The Green function is written as 
 (z,  t)q,b(zi  ,  0)1g), where g) is the ground state. The field operator is 
expanded by the single-electron basis (2.9): 
 0(z,  t)  =  Eani(t)07„(z), 
 r  n 
where am is the annihilation operator of the electron with angular momentum 
 m. Thus the spectral function is expressed as follows: 
 (m, w; N) =  d2 z 0-d0eini°f—dte-iwt (Op(zei° ,  t)11)(z  ,  0)1g)  2o27r27r 
          =  E  1(a  aralg)126(w —  wo,(N  —  1) +  wg(N))• (4.2) 
 Ice) in the above formula indicates the eigenstate of  7-ON  —  1,R) and has the 
energy  wc,(N —  1). Denoting the total angular momentum of  la) by La, the
24
conservation law of the angular momentum is expressed by
 2  N(N  —  1)  =  m  +  L,
for  v =  1/p. 
  We comment on the spin degree of freedom. Although the Zeeman ef-
fect is remarkably small, the ground state is spin-polarized for  v = 1 in 
 experiments[32] and for v 1/3 in numerical  simulation[33]. This fact orig-
inates in electron  correlations[33]. However we assume that spin excitation 
needs energy much higher than the charge excitation and disregard the spin 
degree of freedom for simplicity as far as charge degree of freedom is con-
cerned. This assumption is realized under the magnetic field with trans-
verse component much larger than normal component, since the transverse 
component couples with two-dimensional electrons only through the Zeeman 
interaction.
4.2 Numerical diagonalization
We calculate the spectral function  I(m, w; N) by numerical diagonalization 
method for small-sized system. In this section we describe the method to 
obtain  I(m,w; N) and show the result.
4.2.1 Formulation
We denote the subspace with N electrons and total angular momentum  L, 
by S(N,  L„). The basis in the subspace S(N,  Lz) is given by the Slater deter-
minant:  , m2,  •  •  • ,  mN, N,  Lz)  =  at ,  aL2  •  •  •  atmN10) where  {mi} satisfies 
 mi <  m2 <  •  •  • <  mN and  mi +  m2 +  •  •  • + mN =  Lz. In the case of six 
electron system, the dimension D(N = 6,  Lz) of the subspace S(N = 6,  Liz) 
is up to 1206 for  L, = 45 (corresponding to v = 1/3) and 19858 for  L, = 75 
(corresponding to  v = 1/5). 
  The matrix element of  1-1(N R) is given by
 (mi,  m2,  •  •  •  ,m,N;  Lz1N(N  , R)1774,  mi2,  •  •  ,  m'N  ;N  Lz) = 
 E [(mil,  Trii2  (mil,  mi2  )1 
 it <i2  ?r  <32 
 x  6{mk;kii ,i2},{m'k;k0ii,i2}
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  N N 8N2 N 
  - E An,,(N ,R)IIOmmi+                    k,-,3,pII(5mk ,m,k 1 (4.3) 
   i=1 k=1 " 1'  k=1 
where we defined 
         8{mk;ktii ,i2},fmik ;kii,i21  = 
            1 for (m1, • • • ,  mil-1, Mil-F1) • • •  ,  mi2-1,  mi2+1, • • •  , niN) 
       10otherwise. 
The  •  •  •  'miji -1' miii +1'• • • ' rnii2-1' m72+1'••• ' rrN 
                                 e) 
  f parentheses in the first term are defined by 
 f2 .  (ma, mblilme, md)-=                  d2z d2 2z'0ma(z)0m* b(zi)1 Om(z')0,,d(z). (4.4)                                         z — zIlc 
Substituting  eq.(2.9) in the above formula, the Coulomb energy between two 
electrons is expressed by 
 (ma  ,  mall/  Imc,  md)  —  (ma,  mblV  Imd,  mc) = 
 Ma  +Mb ma  Mc 
                   ( MbIna)()(Mc)()   2 ( 27)2Cma Cmb Cm, Cmd  E  EE                            Am —AA' mMd—A'                           m=1(odd)  A=0  Ai=0 
 X  (-1)'n—A—A1 (Ma+ mb —ni)!m!Vni6ma+mh,mc+Md,(4.5) 
where  Vm is the Haldane's pseudo-potential for LLL given by eq.(2.12). The 
second term in  eq.(4.3) comes from the interaction between electron and 
positive background.  An,(N  , R) is defined by 
 Am(N  ,  R)=  f  d2  zd2  z'  nb(ri  ;  N,R)  10m(z)  12 
 2 2 1 z  —  z'l 
 =  2N fdqJi(qR)  Lm(q2/2)e-q2/2, (4.6) 
 Rq 
where  J1(x) and  Lm  (x) are the Bessel function and the Laguerre polynomials 
respectively. Moreover  7-1p_p(N, R) yields the constant of the last term in 
 eq.(4.3). 
                    7-tp_p(N, R) = PN 8N2 r7-3N 
 3irR 
  The procedure to obtain  I  (m, w, N) is as follows. To begin with we give 
the electron number N and the filling factor  v(=  1/p). The total angular 
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momentum is given by  L, = pN(N — 1/2). Then the basis of the subspace is 
fixed, and all matrix elements of  li(N, R) are generated. The exact ground 
state  19,) and its energy  w9 (N)are obtained by numerical diagonalization. 
The ground state is written with the basis as 
 D(N,LZ) 
 Ig)  =  E  m2(i),  •  •• , 74; N, (4.7) 
                             J=1 
where (i) is indicates the component in the subspace. Next we calculate 
the matrix element  (alamig). Since the states  am  Ig) and  Ice) belong to the 
subspace S(N — 1,  L, — m), we create the basis in this space. The bases in 
S(N,  Lz) and in S(N — 1,  L, m) are related to each other by 
 am  I  m(ii),  •  •  •  ,  mN(i); N,  Lz)  =  E 6 (i)(-1)2-lat (i) " • at ( at  '  •  'atc=) iO)              771,rflmm 
            = 11.1-13+1 
                          (k)(k)                     = Crkiim1 , m2 , • • •  , m(//,;)1; NLz — m), 
where  a = E3))1_1 6m m(z) (-1)-"takes 1, —1, or 0, and k indicates the com- 
                              , ponent in the  subspace  S(N  —1,  Lz—m). With this relation we expand  am  1g) 
by the basis in S(N — 1,  L, m) as
where
 D(N,Lz) 
amIg) = am  >m2(i),  •  • 
 i-1 
 D(N  -1,Lz -m) 





     (k)-1. N___1, Lim), 
              '
 D(N,LZ) 
dk =  E  CiUki 
        i=1
On the other hand  {MI is obtained by diagonalization of  94(N — 1 
the subspace S(N — 1,  L, m). We suppose that  Ict) is denoted by 
 D(N  -1,L  -m) 
 la) =  Er4),  •  •  • ,Tri(1,:)1; N — 1, L, —  m). 
Then the matrix element is given with  eq.(4.7) and  eq.(4.8) by 
 D(N  -1,L  z-m) 
 (alamIg)  E  e*  d.  t' 
 i=1




We show the spectral function  I  (m,  w; N) for N = 6 with  L, = 45 (v = 1/3) 
and  Lz = 75  (v = 1/5) in Fig.4.1, and for N = 7 with  L, = 63  (/ = 1/3) in 
Fig.4.2. As seen in the definition of  gm,  w; N),  eq.(4.2),  m of the abscissa 
and w of the ordinate indicate the removed angular momentum and the 
excitation energy respectively. The radius of each circle shows the intensity 
of spectral function. The intensity is negligible for m > p(N — 1) compared 
with m  <  p(N  —  1). This is because the maximum of angular momentum of 
an electron in the Laughlin state is p(N — 1), and the ground state obtained 
by numerical diagonalization is very close to the Laughlin state. The overlap 
between the ground state and the Laughlin state is about 95.6% for v =  1/3 
and 89.6% for v = 1/5 in the case of N = 6. We note that the ground state 
energy per electron is negative  (----:' —0.394 for v = 1/3 and `.-' —0.323 for 
 v = 1/5). Hence the energy of the state with electron removal is larger than 
that of the ground state, namely the excitation energies are positive. 
  The spectra shown in Fig.4.1 and 4.2 are divided into two regions with 
respect to the intensity. The region with large intensity lies in the lower 
energy side. This implies that the elementary excitation picture works. Since 
p quasi-holes should be created principally by the electron removal for v = 
 1/p, we guess that p quasi-holes dominate the excited state. We attribute 
higher energy excited state with small intensity to multi  quasi-electron and 
-hole excitations . 
  Remarkable structures are seen on the low energy bound of the spectra 
in Figs.4.1 and 4.2. In the case of N = 6 (Fig.4.1(a) and (b)), the structure 
of the low energy bound is iterative. The numbers of iteration in Fig.4.1(a) 
and  4.1(b) are three and five respectively, which coincide with the number 
of quasi-holes created by the electron removal. On the other hand, it is a 
little more complicated in the case of N = 7 (Fig.4.2). Namely we can see 
irregularity at  rrt = 3, 8, and 13 besides the iterative structure similar to 
the N = 6 case. It is known here that small number of electrons in a disk-
shaped quantum dot are stabilized at certain angular momenta called "magic 
numbers"  {34]. In the case of five electrons, the magic numbers are given by
 L,  =  10  +  53,  (.7  =  0,  1,2,  '  •  ')- (4.9)
The sequence  with the interval 5 reflects that the electrons prefer the dis-
tribution with five-fold rotational symmetry. In the case of six electrons, on
28
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Figure 4.1: The single-electron spectral function  I  (m, w; N = 6) for  (a) L,  = 
45  (v = 1/3), and  (b)L, = 75 (v = 1/5). The center of each circle indicates 
the excitation energy, and the radius of each circle indicates the intensity 
 (alamIg)12- The spectrum is divided into two regions, namely the region 
with large intensity and that with small intensity. On the lower bound of the 
spectra, arch-like iterative structures emerge. The number of the iteration 
coincides with the number of quasi-holes to be created. We infer by analogy 
with well-known one-dimensional models that the quasi-hole gives rise to 
these structures.
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Figure 4.2: The single-electron spectral function  I(m,  co; N = 7) for  L, = 63 
 (v = 1/3). Similar to Fig.4.1(a), the region with large intensity and that 
with small intensity are distinguishable. The behavior of low energy bound 
is a little more complicated than the N  = 6 case.
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the other hand, following two sequences characterize the magic numbers: 
 L, =  15  +  6j,  =  0,  1,  2,  •  •  .), (4.10) 
 L, =  15  +  5j,  (j  =  0,  1,  2,• •). (4.11) 
This implies that the distribution with five-fold symmetry as well as six-fold 
one stabilize the six electrons. Now, in our study, the angular momentum  L, 
of the excited state relates to the removed angular momentum  m as 
 Lz  =  2N(N  —  1)  m, 
where pN(N — 1)/2 denotes the angular momentum of the ground state. 
Then the angular momenta of the downward cusp and end points on the low 
energy bound in Fig.4.1(a) and (b) are given by 
 L, = 30,  35,  40,  45 for (a)v = 1/3 
 L, = 50, 55, 60, 65, 70, 75 for  (b)v = 1/5. 
These values correspond to the magic number (4.9). In Fig.4.2 of seven-
electron system, the low energy bound shows lowering at 
 L, = 45, 51, 57, 63 
and 
 L, = 50, 55, 60. 
These angular momenta obviously coincide with the magic number (4.10) and 
 (4.11). Taking into account that the number of electrons decreases by one in 
the excited state, it is natural to understand that the downward behavior of 
energy at such angular momenta is attributed to the stability with respect 
to the geometric distribution of electrons characteristic of the small-sized 
system. 
  Now let us recall that the iterative structure has been found on the low en-
ergy bound in the dynamical structure factor of the Heisenberg chain [15,  35] 
 (Fig.1.1(a)), and in the single-particle spectrum of the Calogero-Sutherland 
model  (GSM) [18, 19, 20] (Fig.1.1(b)). In the former case it has been es-
tablished that two spinons dominate the low energy excitation with large 
intensity and higher order multi spinons contribute to the high energy exci-
tation with small intensity. The unit of iterative structure on the low energy
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bound (des Cloizeaux-Pearson mode) is interpreted as the spectrum of a 
single spinon. In the CSM with integer coupling, the spectrum has been at-
tributed to only the quasi-hole excitation, and the unit of iterative structure 
on the low energy bound corresponds to the spectrum of the quasi-hole. From 
the view point of the elementary excitation, the spectra shown in Fig.4.1 and 
4.2 are analogous with those in the well-known two cases. Hence we infer 
that the quasi-holes are responsible for the iterative structure on the lower 
bound.
4.3 Variational method
In order to identify the origin of the structure of the low energy bound of 
the spectra in Figs.4.1 and 4.2 in terms of the elementary excitation, we 
resort to the variational method. We introduce a trial state in which quasi-
hole excitation is explicitly involved and try to explain the structure of the 
excitation spectrum variationally.
4.3.1 p-quasi-hole states 
Since it is expected that p quasi-holes are created by the single-electron re-
moval for v =  1/p, we construct the trial state with p quasi-holes as follows. 
First, single quasi-hole state for  v =  1/p in the angular momentum repre-
sentation is given by eq.(3.2). In that formula, multiplication by  fi creates a 
quasi-hole with the angular momentum  I. Then we introduce the state with 
p quasi-holes for v =  1/p as
               =  ({z2})i12({zt})  •  •  •  iipazinWp(fzil), (4.12) 
where the quantum numbers of quasi-hole  li ranges from 0 to N and  [li,  l2,  •  •  • ,  1p] 
are arranged so that N >  11>  12>  •  •  • >  1p > 0 for N electrons. The total 
angular momentum of the state (4.12) is given by 
 Lx =  11+12  +  •  •  •  +1P+  -2N(N  —  1). 
When 11  =- 12 =  •  •  • =  IN = N, all quasi-holes are near the center since  fN 
creates a quasi-hole at the center of the droplet. On the other hand, when 
11 = 12  =  •  •  • =  1N = 0, all quasi-holes are near the edge. We call the state 
(4.12) p-quasi-hole state hereafter.
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  Now we consider the electron removal from the  v =  1/p Laughlin ground 
state. Denoting the annihilation operator of an electron at position  by 
II; , the electron-removed state is expressed by 
  N-1 N-1 
 'ke)Wp(fril) =(zi -H(zizirexp  - -A E  1;12 
      i=1  1<i<j<N-1  i 
 [N-1                   e-014E(_0N-1-1eN-1--Irt/r                                    Wazil), (4.13)                                i=o 
where we remark  that  klip in the left-hand side is defined for N electrons, 
while  TT, and  fl in the right-hand side are for N - 1 electrons. Equation 
(4.13) means that the electron-removal excitation from the Laughlin state is 
completely expressed by p-quasi-hole states.
4.3.2 Spectrum of p-quasi-hole states 
The expectation value  (7-1(N - 1, R)) with respect to the state (4.12) gives 
the excitation energy w from the v =  l/p ground state to the p-quasi-hole 
state: 
               w =  (7t(N -  1,  R))  wg(N). (4.14) 
We remark that the p-quasi-hole state is defined for N - 1 electrons. The 
method to calculate  (((N - 1, R)) is described as follows. Since the matrix 
elements  of  1-t(N  -1, R) are obtained from the formulas (4.3) - (4.6), we have 
only to expand  eq.(4.12) by the bases 
 thni,  m2,  •  •  ,TrIN-1;  N  -  1,  LN-1  +11  ±  12  +  •  •  •  ±  ip)}. 
Here  LN_i = p(N -  1)(N - 2)/2 denotes the angular momentum of the 
Laughlin ground state with N - 1 electrons. In the following we use second 
quantized representation. 
  First we obtain the Laughlin ground state  Wp) with N  - 1 electrons by 
numerical diagonalization of  np_2 (see Section 2.2 and Appendix A) in the 
subspace S(N  -1,LN-1): 
  1 p-2     np-2 =-2 fdridr20(zi)0(z2)  EViPt(Li2z)7P(z2)1,b(zi). 
 1=1 (odd)
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Then  1  Wp) is expressed with the basis of S(N - 1,  LN_1) as 
 D(N-1,LN-1) 
       
1TP) = (i)                          ci in/1°11712W / • • • 1 ITIN_i;N - 1,LN-1•
 i=1 
Next we operate  ftift2  •  • •  drip to the above formula.  ft is written in second 
quantized form as 
           fl1 c  11=m, - 
  I 
                                                       ,,,
m, 
 E
                           ci+larni amt2+1 an„  •  -  • amti + 1 am, . 
 o<mi<rn2<•••<mi A=1mA+1 
The operation of  ft to the basis Im(ii), m2(i), - -- , m(N)_1; N - 1,  LN_1) yields 
     fiImi"i,m2(i),- - ,rn,N(iLl;N-1,LN_I) 
        A
niN   -  iN-1 CH 
[
 kk m(JA)„,),(JA) 
                          1'''1)1'c'21• • •1m(JA)VA );  N - 1,  LN-1  +  1  1. )
        A=1 k---1Cm(JA)+1 
 D(N-1;LN__1+1) 
 =
                                    ni,,U),m(.7).N                      aij(LN-1, LN-1 +,)111'1/ • • *1"'N-11— 1,  LN_1  + 1), 
            j=1 
where  JA is indicates the component of S(N - 1;  LN_1 + 1), and satisfies 
  (ImV1)1) -((0i(0(0               -jrti+i, •••57711± 1,7711+1, • • • 171(Ari),_ 1 ) 
   (IMV2) 1) —(rn(i)1^rli(i)-LHTr)(i)l'T-1(i)10-r)(i),m(i))                    —kii'l + -1-/ • • •  ,'1'1-1+1- 7'''11'1'1+1+-LI"1+2/• • • ,"'N-11 
                                              • 
     i0(0(0(0   ({774jA)}) =km(i,• • ',m(i)N-1-I'MN-1-/-4-1+ 1,•••1MN-1+ 1). 
We wrote A =,N - 1in the above  formulas. Furthermore  aii(LN_i,  LN_i+ 
(
                  I 1) is defined by 
                                            C () 
                                vrN -1 "11: for  j  =  JA 
 aii(LN_i,  LN_1 + 1) =14=1 Cra(3) 
                                                         k+1 
                   0 otherwise. 
The operation of  fi by p times gives the following formula. 
 fli  fi,"• fiplut.i), •  • • ,m(i)1; N -  1,  LN-1) = 
 D(N-1;LN_I-1-11+...+1p) 
           EAii14) 3 • • • , m(irj) 1;N - 1, LN_i + 11 + • • • + 1p), 
              j=1 
                      34
where
 D(N-1;LN_i-Flp)  D(N-1;LN_1+lp-qp-1)
 Ajj 
 ip=1 
       x
 jp-
•  •  a
 D(N-1;LN  -1  +tp±ip-  +•.---1-/2) 
 /2  =  1
Therefore we obtain
 D(N-1;LN_1+11±•±lp)  D(N  -1;LN  -1)
 111112  f1,141p)
 j=1 
 X  ClAi3  lm(j)  MN-i;  LN  -1  +11 +  •  •  •  +  1p).
  Figures 4.3(a) and 4.3(b) show the excitation energy of all p-quasi-hole 
states for  v = 1/3 = 3) and v  =  1/5 = 5) respectively. The number 
of electron in the p-quasi-hole state is five, and there are six electrons in the 
ground state. The removed angular momentum m of the abscissa is defined 
by 
 7n  =  2 N(N  1)  —  L, 
 L,  =11+12+  •  •  •  +1P+  -2(N  —  1)(N  —  2) 
with N = 6, where pN(N — 1)/2 is the angular momentum of the ground 
state and  L, denotes that of p-quasi-hole state. The numbers attached to the 
lowest energy of each m show the quantum numbers of corresponding p-quasi-
hole state. It is easily seen that the iterative structure appears on the low 
energy bound of the spectrum. The states forming the iterative structure 
have the quantum numbers (i)  [1,  0,  0] for 10 <  m < 15, (ii)  [5,1, 0] for 
5  <  m < 10, and  (iii)  [5,  5,1] for 0  <  m < 5 in Fig.4.3(a). They respectively 
correspond to the cases: (i) The first quasi-hole have any 1 between 0 and 5, 
and the rest of quasi-holes are near the edge. (ii) The first quasi-hole is near 
the center, the second one can have any  1, and the third is near the edge. (iii) 
The two quasi-holes are near the center and the third one can have any  I. 
The circumstance is the same with  v -= 1/5 (Fig.4.3(b)). These facts means 
that the unit of the iteration corresponds to the spectrum of the quasi-hole. 
  Figure 4.4 shows the energy spectrum of three-quasi-hole states with six 
electrons excited from the  v = 1/3 ground state with seven electrons. The 
quantum numbers of the corresponding three-quasi-hole state are written for 
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Figure 4.3: Excitation energy of the p-quasi-hole state for (a)v = 1/3 = 3) 
and (b)v = 1/5 = 5) from the  v =  1/p ground state with six electrons. 
The abscissa m denotes the difference of angular momentum between the 
ground state and the p-quasi-hole state. The numbers attached to the lowest 
squares in each m show the quantum numbers  [ii,  /2,  •  •  • ,  id of each p-quasi-
hole state. There appear iterative structures on the low energy bound. We 
find that the unit of the iteration corresponds to the spectrum of the single 
quasi-hole.
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Figure 4.4: Excitation energy of the three-quasi-hole state from the  v = 
1/3 ground state with seven electrons. The numbers attached to the lowest 
squares show the quantum numbers of the three-quasi-hole state. The arch-
like structure on the low energy bound is expressed by the spectrum of the 
single quasi-hole. The downward deviation of energy of the quasi-hole with 
quantum number  I = 5 yields irregularities at m = 3, m = 8 and  m = 13.
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is similar to that in Fig.4.3(a) except for irregularities at m = 3, 8 and 13. 
If we neglect the lowest square at m = 3 and 8, the low energy bound are 
made by the states with  [1,  0,  0] for 12 < m < 18,  [6,1, 0] for 6 < m  < 12, 
and [6,  6,1] for 0 <  in < 6. We should notice here that the energy of the 
three-quasi-hole state with  [5,  0, 0] deviates downward slightly from the arch-
like structure in 12 < m < 18 composed of the states  [1,  0,  0] with  1 = 0, 
1, 2, 3, 4, and 6. This implies that the energy of the single quasi-hole with 
quantum number  1= 5 is exceptionally lowered. The irregularities at m = 3 
and  Trt = 8 correspond to the states [5, 5, 5] and [5, 5, 0] respectively. It is 
naturally understood that the energy lowering of such states originates from 
the low energy of the single quasi-hole with quantum number  1 = 5. Thus 
the structure of the low energy bound is well expressed by the spectrum of 
the single quasi-hole also in the case of seven-electron system.
 4.3.3 Comparison with single-electron spectrum 
We compare the spectrum of the p-quasi-hole state with the single-electron 
spectrum in Figs.4.5 for N = 6 and Fig.4.6 for N  =  7. We remark that there 
are N — 1 electrons in excited states. The filling factor is v =  1/3 = 3) 
for Figs.4.5(a) and 4.6, and v = 1/5 = 5) for Fig.4.5(b). 
  First, we find that the region with large intensity of the single-electron 
spectral function is approximately reproduced by the spectrum of p-quasi-
hole states in Figs.4.5(a), 4.5(b) and 4.6. This means that the electron re-
moval excitation is approximately represented by the p-quasi-hole state at 
least for systems with small number of electrons. 
  Next, the low energy bound of the spectrum of p-quasi-hole states fits that 
of the single-electron spectrum very well. Since the spectrum of single quasi-
hole accounts for the structure on the low energy bound of the spectrum of 
p-quasi-hole states, the low energy bound of the single-electron spectrum is 
similarly understood by the energy of single quasi-hole. Namely the unit of 
iterative arch-like structure corresponds to the spectrum of single quasi-hole, 
and the number of iteration p comes from the number of quasi-holes p in 
the case of  v =  1/p with six electrons (Figs.4.1(a) and  4.1(b)). The same is 
true for the seven electron case in Fig.4.2 except for irregularities at  m =  3 
and 8 which are given rise to by the energy lowering of the single quasi-
hole with quantum number  1= 5. Thus we conclude for small-sized systems 
that the structure on the low energy bound of the single-electron spectrum 
reflects the spectrum of single quasi-hole directly and provides the evidence
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of fractionally charged quasi-hole excitation. 
  We comment on the size  effect on the structure of the low energy bound 
of the single-electron spectrum. We have noted in Sec.4.2.2 that the low-
ering of lowest energy at m = 0, 5,  -  •  • in Figs.4.1 and m = 0, 3, 6, 8,  •  •  • 
in Fig.4.2 comes from the stability of electronic states at magic number of 
angular momentum in quantum dots. Here such stability originates from the 
geometric distribution of electrons similar to that of the Wigner  crystal[34]. 
On the other hand, Figs.4.5 and 4.6 show that the structure on the low energy 
bound arises from the spectrum of single quasi-hole. The (three-)quasi-hole 
state has the nature of the quantum Hall liquid. The Wigner crystal and 
the quantum Hall liquid belong to  different phases in the macroscopic limit. 
However the electrons in a quantum dot are known to have both characters 
simultaneously[36]. The low energy bound of the spectra in Figs.4.1 and 4.2 
reflects such duality characteristic of small-sized systems. Since the quantum 
Hall liquid phase is realized for v =  1/3 and  1/5 in the macroscopic limit, 
the nature due to the Wigner crystal should disappear with increasing the 
system size.
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Figure 4.5: Comparison of I  (m,w; N) (Fig.4.1) and excitation energy of the 
p-quasi-hole state (Fig.4.3) for v = 1/3 (a) and  v = 1/5 (b) with N = 6. 
Triangles indicate the excitation energies of p-quasi-hole trial states. The 
large intensity region of the single-electron spectrum coincides remarkably 
with the spectrum of p-quasi-hole states. Therefore it is shown that the p 
quasi-hole excitation plays the dominant role in the electron removal exci-
tation, and that the spectrum of single quasi-hole gives rise to the iterative 
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Figure 4.6: Comparison of the single-electron spectrum and excitation energy 
of the three-quasi-hole state for v  = 1/3 with N = 7 electrons. Triangles 
indicate the excitation energies of three-quasi-hole trial states. The large 
intensity region of the single-electron spectrum corresponds to the spectrum 
of three-quasi-hole states. The low energy bound of the spectrum of three-




It was shown in the previous chapter that the electron removal spectrum of 
 v =  1/p (p = 3, 5) is well interpreted by p-quasi-hole states for small-sized 
systems. We discuss the spectrum of three-quasi-hole states for  v = 1/3 in 
the macroscopic limit in this chapter. At present full numerical analyses of 
the FQH systems are limited to several number of electrons. However one 
can deal with the dynamics of integer quantum Hall (IQH) system. Moreover 
Monte-Carlo calculations permit quantitative treatment of the FQH system 
in the macroscopic limit. In the present chapter we first classify the three-
quasi-hole state by a naive picture, and expect the spectrum of three-quasi-
hole state qualitatively. Then the expected spectral support is confirmed in 
Section 5.2 on the analogy of three-hole excitations in the v = 1 system with 
N = 0(102) electrons. In Section 5.3 we discuss the spectrum in the FQH 
system quantitatively on the ground of Monte-Carlo calculations.
5.1 Classification of three-quasi-hole states
In this section we analyze the three-quasi-hole state (4.12) in the macroscopic 
limit and deduce its spectrum qualitatively. The macroscopic limit of the 
present system is given by the infinite limit of electron number with filling 
factor unchanged. If  there are N electrons in the ground state, the quantum 
number  1  , of the three-quasi-hole state (4.12) takes integer values from 0 to 
N — 1. We introduce here normalized parameter  /i  lil(N — 1) in order to 
define three-quasi-hole states for the macroscopic limit. Then  i  ranges  from 
0 to 1.  li = 0 means that the quasi-hole is near edge of the disk, while  li = 1
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means that the quasi-hole is near the center. 
  The three-quasi-hole state is analyzed with respect to its energy for the 
macroscopic limit as follows. First we denote the excitation energy of the 
three-quasi-hole state with the parameters 11 = 12 =  13 = 0 by  600o. All of 
the three quasi-holes are near the edge in this state, and the distribution 
of electrons is disk-shaped. On the other hand, the other states have ring-
shaped distribution of electrons. Hence we expect that the state with  11 = 
 12 =  13 = 0 is geometrically the stablest and E000 is the lowest of all excitation 
energies. Next, if one quasi-hole is near the center with the others near the 
edge, the parameters are given by 11 = 1 and 12 = 13 = 0. The energy of 
this state should be distinguishable from E000. We denote this energy by  6.100. 
The energy difference of these two states: Lk  =  Ern° — E000, gives the energy 
necessary to bring a quasi-hole from edge to bulk of the disk. We remark 
the center of the disk in the macroscopic limit should not be  different from 
the bulk. When Nqh quasi-holes are in the bulk, the energy is expressed by 
E000  NoAf. If two quasi-holes or more are localized near the center, they 
should interact with each other. We write the interaction energy between 
two (three) quasi-holes near the center as  E2  (E3). The energy is given by 
 E000  +  2AE +  E2 for the state with two quasi-holes near the center and the 
other one in the bulk, and by  E000  3A€ +  E3 with three quasi-holes near 
the center. The former state is identified by the parameters 11 = 12 = 1 and 
 /3  =  0,  and  the  latter  is  by  Ti  =  12  =  /3  =  1. 
  Now we introduce the removed angular momentum  Tit normalized by (N-
1): 
               (N —  1)fit = 3N(N — 1)/2 —  Lz, (5.1) 
where 3N(N — 1)/2 is the angular momentum of the Laughlin ground state. 
 L, is the angular momentum of the three-quasi-hole state, which is given by 
 L, =  11+12+  13  + 3(N  —  1)(N — 2)/2 for  x113,[ii,12,13] (see Section 4.3.1).  fn can 
take any value between 0 and  3. If  fir, = 3, the excited state has the smallest 
angular momentum 11 = 12  =  /3 = 0 with three quasi-holes near the edge. 
Then the energy is given by  E000• On the  other  hand,  in  the case of  fit = 0, 
the parameters of the three-quasi-hole state are 11 = 12 =  13 = 1 and all of the 
quasi-holes are near the center. In this case they form an  anti-bound state 
                 -—-f3.- [38] with the energyF000AEA-The anti-bound state is stable because the 
conservation of the angular momentum prohibits these quasi-holes to escape 
from each other. The content of the spectrum of three-quasi-hole states for 
each value of  Til is explained as follows.
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(a)  2  <  rit  <  3 
   Except for the sharp change at  rh,  -= 3, the lower bound of w is given 
  by  e000 +  A€ for 2 <  m < 3. Here one quasi-hole is in the bulk and 
   the other two holes are near the edge. The continuum in the spectrum 
   is formed by free motion of the three quasi-holes. The upper edge is 
   given by  Emo +  3AE.
(b) 1  <  fit < 2 
   Here the lower edge of w should be given by  E000 +  2,6e, since there are 
   at least two quasi-holes in the bulk. The nature of the continuum and 
   the upper bound are the same as in case (a).
(c)  0  <  fit,  <  1 
  The free motion of three quasi-holes with energy  E000 +  34E forms here 
  the lower bound of the spectrum. If two of the three quasi-holes are 
  near the center and the third quasi-hole is away from the center, the 
  free motion of the third quasi-hole in the bulk leads to the upper bound 
 E000  +3dc+  €2. If two quasi-holes near the center are separated slightly, 
  the interaction energy between them is smaller than  €2. The continuous 
  decrease of the interaction energy leads to the continuum in 0 <  rn < 1.
(d)  fit: integer 
   The spectral bound largely depends on  fit when quasi-holes feel the 
   edge effect or they interact each other. The region near the edge where 
   the quasi-hole feels the edge effect should be negligible compared to the 
   other bulk region. On the other hand, the inter-quasi-hole interaction 
   is relevant when more than two quasi-holes are simultaneously in the 
   vicinity of the center. However this region is also negligible in the 
   bulk. Such situations mean that the spectral bound varies sharply 
   with changing  Trt only in the infinitesimal region around integer fit.
  By combining all  these arguments in (a)-(d), we obtain the expected 
spectrum in the macroscopic limit as shown in Fig.5.1. Remark that the 
spectrum is figured by four energies,  E000,  Ac, f2, and  €3. The dark region 
represents the free quasi-hole continuum and the light grey region represents 
the states with two of the three quasi-holes near the center. On the lower 
bound of the spectrum there appears an iterative structure. The unit of the 
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Figure 5.1: Excitation spectrum of three-quasi-hole states expected in the 
macroscopic limit. The abscissa  m denotes the difference of angular momen-
tum between the ground state and the three-quasi-hole state normalized by 
N — 1 (see eq.(5.1)). The notations in the figure are described in text of 
Section 5.1 and 5.3. The dark region corresponds to the free quasi-hole con-
tinuum, and the light gray region comes from the states with two of the three 
quasi-holes in the vicinity of the center where inter-quasi-hole interaction is 
not negligible.
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5.2 Analogy with integer filling
We can confirm numerically whether the spectrum predicted in the previous 
section is the case by dealing with dynamics of the IQH systems of a much 
larger size. We consider three-hole excitation in the  v = 1 system with 
N = 0(102). Two points of view explained below allow us to infer three 
quasi-hole excitation in  v = 1/3 FQH system from three particle removal in 
 v= 1 IQH system. 
  The first is the plasma picture (Fig.5.2(a)). If we see the excited state 
with three quasi-holes in  v = 1/3 as a classical plasma, it is composed of 
negative charge disk with density  —e/S and three point charge with charge 
e/3. The charged background comes from positive charge disk with density 
(N — 1)e/S and negative one by the electron droplet with  —NO. Then 
the dynamics results in the motion of three particles with charge e/3 in the 
negative back ground charge with density  —e/S. On the other hand the 
three hole excitation in  v  = 1 is similarly regarded as three positive charges 
with charge e in the back ground charge with density  —3e/S. Since both two 
cases are the same except for the unit of charge, no qualitative difference in 
the spectrum should lie between the excited states in FQH system and that 
in IQH system. 
  The second is the composite Fermion (CF) picture (Fig.5.2(b)). Accord-
ing to the theory of CF [39, 40,  37J, the Laughlin ground state of v = 1/3 
FQH system is recognized as the v = 1 IQH state of CF's. Here the CF is 
composed of an electron and two magnetic fluxes. Let us consider the exci-
tation of three CF-holes, namely three CF removal, from the v  = 1 ground 
state of CF's. It is expected naively that N — 3 CF's with N fluxes configure 
the excited state. However in fact there are N  —3 electrons and 3(N — 3)  +  3 
fluxes in the system. This situation of CF is equivalent to the state with 
three quasi-holes in  v = 1/3 FQH system with N — 3 electrons. Therefore 
it is justified that the spectrum of three quasi-hole excitation in  v = 1/3 is 
deduced by that of three hole excitation in v = 1. 
  The v  = 1 ground state is given by  eq.(2.9), namely it is denoted in the 
second quantized form by 
 1g) =  10,1,•  •  •  ,N  1). 
We take  R= Nif—N for the Hamiltonian (4.1) with N electrons. For excited 
states with N — 3 electrons, we take the single Slater determinant composed 
of  ain,a,„an„Ig) as the eigenstate, where  mi is the angular momentum of
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 Analogy between FQH and IQH 
(a) Plasma picture 
FQH IQH 
electrons & Positive electrons & Positive 
quasi-holes back groundholes back ground 
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    0 
(b) Composite Fermion picture 
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 0•••  1  1  1  1  1  1 •••1 1 1 1 1 1  •••   000 • • • —>    000000   
 v=1/3 of electron  v=1 of CF  v=1 of electron 
 jo3 particle  removal  j 
 111111111111  A_  111111—  I  111111••• 
 000  •  •  •  •  •  •I  COO.—
Figure 5.2: Conceptual picture on analogy between three quasi-hole excita-
tion in v = 1/3 FQH system and three hole excitation in v = 1 IQH system. 
Plasma picture is shown in (a) and composite Fermion picture is shown in 
(b).
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removed electrons. We require 0 < m1 <  m2 < m3 < N — 1. This restriction 
to approximate eigenstates should work if the correlation effect is weak in the 
IQH system. It is assumed that the radius R of the disk remains the same 
after the removal of three electrons, but the charge density of the positive 
background is reduced by the factor 1-3/N to maintain the charge neutrality. 
  The expectation value  (1-1(N — 3, R)) with respect to these states gives 
the excitation energy w by 
               w =  (fl(N — 3, R)) — wg(N). (5.2) 
In this equation  wg(N) is given by 
 wg(N)  =  (g11-1(N  ,  R)Ig) 
                  N-1 8N2 
  ,E                  [(ma(ma,, b)--V (ma, mb)] — E Am(N , R) +  
                                                      37 R'  0<m a<mb<N-1  m=0 
where we define  U  (ma, mb) and  V(ma, mb) by 
                          Om(zi)12195mb(z2)12 
                         d2Zd2Za             U(7na, rnb) =121                                             Z1—Z21 
                 :=f _„                        dqe2'' Lrna(q2 12) L,,,(q2 / 2),
                    0* ( z 1 ) 0, 7 i*b (z2)0ma (z2)0,(zi )   V  (ma,  mb) = f dz1dz2 ma 
 
12'1  —  Z21 
             = Ma!  f2(mb—ma)(mb—ma)22—q2               dqq[Lm a(q1 2)]e.  2mb —maMb! 
 Am(N  , R) is defined by eq.(4.6). On the other hand the energy of excited 
state is given by 
 (7i(N —  3,  R))  = (glamt 3amt ,anit:TON —  3,  Manz,  am2am31g) 
 ma  ,MbM1  ,77/2  ,M3 
             = 
 E  [U  (ma,  mb)  —  V  (ma,  mb)] 
 o<ma<mb<N  —1 
 N-1 8(N —  3)2 
                 -A m (N — 3, R)+ 
 37r.R  M=0,(M1  ,M2  ,M3) 
  The angular momentum m removed by three electrons ranges from 3 
to 3N — 6. The maximum of m comes from the total angular momentum
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 L, = (N -  3)(N - 4)/2 of the excited state, and the minimum from  Lx = 
 (N  -3)(N  -  4)  /  2+3(N-3). In order to take the macroscopic limit, we define 
the normalized angular momentum of three holes by  ril =  (m - 3)/(N  - 3), 
which ranges from 0 to 3 for any N (> 4). We remark the difference from 
the previous definition in Section 5.1 of  fit for three quasi-holes. 
  Figure 5.3 shows the numerical results of w against fn for N = 100. There 
are regions with dense distribution of energies. This quasi-continuum is due 
to the motion of free three holes, and will develop into continuous spectrum 
in the macroscopic limit. It is evident that the iterative structure persists 
even for N = 100. The excited states with  ril= 3 has the lowest excitation 
energy. This is because creation of a hole at edge needs less energy than that 
in the bulk; three holes are created at the edge for the state with  fit = 3. We 
find in Fig.5.3 steep slopes around  fil = 0. Further there are a few branches 
above the quasi-continuum in the region 0 <  fit < 1. We attribute these 
branches and the slopes to the repulsive interaction between the holes near 
the center. 
  We have studied the size dependence of the spectrum in v = 1 for N  = 10, 
30, 60, and 100. The result is shown in Fig.5.4. In this figure the spectra 
in  fit E [2, 3],  fit  E [1, 2], and  fir, E  [0,  1] indicate respectively  fifofoTi, 
 fN-3.f1foT1, and  fN-3A-3f1T1, where ft is the generator of a hole defined 
in Section 3.1 and  xli1 is the  v = 1 Laughlin ground state of N  - 3 electrons 
 (eq.2.9). The index 1 takes any integer from 0 to N - 3.  fo creates a hole 
near the edge, while  fiv-3 does near the center. Therefore Figure 5.4 shows 
the spectrum of a hole with other two holes near the edge  (fh E [2, 3]), with 
two holes near the center and near the edge  (fit  E [1,  2]), and with two holes 
near the center  (in E  [0,  1]). These excited states are expressed by single 
Slater determinant, and written in the second quantized form as
 ft.foloRi)  =  10,1,  -  •  •  ,N  -  4  -  1,N  -  3  -  1  +  1,.  -  ,N  -  3) 
 fN-3.ft.foR1)  =11,2,  •••  ,N  -  3  -1,N  -2  -1+  1,  •  •  •  ,N -  2) 
 fN-3A-3filT1) =  12,3,  •  •  •  ,N  -  2  -  1,N  -  1  -  1  +  1,  •  •  •  ,  N  -1).
The spectrum in Fig.5.4 with N = 100 is identical to the lower bound for 
 fit E [1, 2] and the upper bound for fri  E [0, 1] of the spectrum in Fig.5.3. For 
 rh, E [2, 3] one branch lies below the spectrum of  fN_3fifo4i1. We consider 
this branch comes from the states close to  fiflfokiii. In system larger than 
N = 100, this branch and the spectrum of  fAr_3flfoT1 are expected to be 
indistinguishable, since  fififoxiii and  fN-31ifoqii should have same energy.
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Figure 5.3: The spectrum of three hole excitation in  v = 1 with N  = 100.  fiz 
of the abscissa is defined by  fit = (m -  3)  1  (N - 3), where m is the angular 
momentum removed by  three electrons. Triangles indicate the excitation 
energies of the states  fifo  ATI for  rit E [2, 3],  fN_3fifo  Ti for  fri, E  [1,  2], and 
 fN-3.IN-3Plii for  fit  e  [0,  1], which are identical to Fig.5.4 with N = 100. 
The excitation energy is the largest at  fit = 3 where the three quasi-holes 
are near the edge. Along the lower bound of the spectrum we can see three 
step-like structures. Above them, quasi-continuum lies, which will develop 
into the continuum due to free holes in the macroscopic limit. Moreover 
a few branches are seen above the upper bound of the quasi-continuum in 
0 <  fit < 1. We attribute these branches and steep slopes of spectral bound 
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Figure 5.4: The system size dependence of the three hole excitation spectrum 
in  v = 1. The excitation energies of  fifofoilii,  iN-3MoTi,df                                                 and,N-3 fN-3.it  1 
 (1  = 0, 1,  •  -  -  , N-3) are respectively shown for  fit E  [2,  3],  E [1, 2], and E  [0,  1]. 
The spectra become like step with increasing N.
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Hence we may consider that  f  N_3  fl  Mil also gives the lower bound of the 
spectrum for  7)1  E  [2,  3]. We find from Figure 5.4 that the spectral bounds 
become steeper with increasing N near integer  fn, and the bounds become 
flatter in other regions. In the macroscopic limit, the spectral edges should 
turn into the step functions with step-like changes at integer  th. Therefore the 
results shown in Fig.5.3 and Fig.5.4 support the expectation on the excitation 
spectrum of three quasi-holes in  v = 1/3 (Fig.5.1).
5.3  Monte-Carlo method
Now we return to the v  =  1/3 FQH droplet. We expect on the basis of 
numerical results for the three hole excitation in v = 1 that Fig.5.1 de-
scribes the spectrum of three quasi-hole states for the macroscopic limit. 
We estimate in the present section the values  ENO,  AE,  E2, and  E3 for the 
macroscopic limit. For this purpose, we calculate the ground state energy 
and  excitation energies of three-quasi-hole states with normalized quantum 
numbers  [ii,  /2, 13] =  [0,  0,  O],  [1,  0,  0], [1,  1,  0], and  [1,  1,  1] for various system 
sizes by the Monte-Carlo (MC) method. The MC method is explained in the 
Appendix B.
5.3.1 Notation
The notation  c9  (N) is used to express the energy per particle of the ground 
state for N electron system. We substitute the exact ground state with the 
Laughlin trial state (2.13).  E9(N) is explicitly written in the first quantized 
form as
 NE  g(N) =  (11,_,(N)) +  (11e_p(N, R)) +  (Hp_p(N, R)), (5.3)
 (1-1,_,(N))
 N  =  f  H 
 z=1





Izj  -  zk
I 3({zi })12, (5.4)
 (He_p(N  , R))  =  N 
 1 









 nb(r;  N, R)




 .F(ri, MIT 3({ z 4)12 , (5.5)
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   (111fd2 z d2 z' nb(r; N, R)nb(ri ; N,R)8N2(5.6)    p_p(N, R)) =2 2                          jz — el 3R-R' 
where the function  .F(r, R) in  eq.(5.5) is defined with the Gauss's hyper-
geometric function  2F1(a, b, c; x) by 
          .9r, R) =27R 2Fi(, --, 1;j)  for  r < R  27rRa 2F1(2, --I2, 2; Rr22 )  for  r  > R 
  Next he excitation energy of the three-quasi-holestate with (unnormal-
ized) quantum numbers  [11,12,13] is defined by  eq.(4.14) but the energy of the 
ground state is replaced by that of the Laughlin trial state. 
 Li.) =  (H  (N  —  1,  R)) — NEg(N), 
where the expectation value of the first term concerns with  W3,[102,/,]({Zi}) 
with N — 1 electrons. In particular, we denote the excitation energies of 
the states with normalized quantum numbers  [11,12,13] =  [0,0,  0], {1,  0,  01, 
 [1,  1,  0], and  [1,  1,1] by  Ecoo(N)  Eioo(N),  Elio(N), and  E111  (N) respectively. 
We remark that  E000 =  &NO(N =  00) and  Elul  =  Eloo(N =  00) are the same 
as those introduced in Section 5.1.  Eo,y(N) is defined by 
 N-1 d2z 
  Ea0-y(N) = fII  iii-(N -  1, 1:)1W3,[0c(N-1),t3(N-1),ry(N-1)]({ZII)12 
 i=1 2 
 —NE-9(N), (5.7) 
where a,  0, and  ey take the value 0 or 1. All expectation values in the above 
formulas are calculated numerically by the MC method. 
  The spectral weight on the three-quasi-hole state with quantum numbers 
 [11,12,13] is given by 
 R/1,12,  13Iamig;  N)I2 
                              N-1.42..., . 
                  rN-124j;j11,12'13]({Zil;N - 1) 
    = fu 242 
 [ 
          i1[frii .=,(dzi12)034/02,131({zi}; N — 1)12]1/2 
                                                           2 
 x f (d2e/2)0,,Mnl (zi — )3 e—IW/ 44I3(1;1; N —  1)   [ffliN_1(d2zi/2)03({zi}; N)12] 1/ 1
       Icml-2 lin' (d2 zi/ 2)03({zi};  N  -  1)121     --,[f- 
 fN                ni=i(d2zi12)1T 3({zi}; N)12 
                      53
   [,1HiN=ii(d2z//2)ifil(fzinrlit2({z2})121.n3({zi})121413({z2};N1)12  -1  f  fIV(d2zi/ )03({zi};  N  —  1)12 
               ({Zil)fi:({zil)fi*,({zingmazinlilf3({ zi}; N — 1)12 2  X[fIli=1 1 02 zi/2)il, 
               fflilv_il(d2zi/2)1‘113({zi};  N— 1)12 
where  111,12,13) and  1g; N) are respectively the normalized three-quasi-hole 
state (with N — 1 electrons) and the Laughlin ground state for  v =  1/3 with 
N electrons. We wrote the number of electrons explicitly as the argument of 
wave function. In the first equality of the above formulas, we used formulas 
on the electron removal: 
                         d2 
        amw3({zil; N)  =Om* (e)V;(0413({zi}; N),
 '1(0W3({zi;  N}) =
N-1 
           WA-kJ; N — 1)  (zi)3e-IC2/4 
3(N-1) 
E (-1)nrigmazine-10/44f3({zi}; N — 1), 
 rn=o
where  (17„ and  77)(e) denotes the annihilation and field operator of the electron 
in the first quantized representation.  gm({z,}) is defined as the coefficient of 
 (—Om in the  fliN_V(zi —  03.
5.3.2 Results
We first show in Fig.5.5 the excitation spectrum of three-quasi-hole state 
excited from the v = 1/3 Laughlin ground state with N = 11 electrons. 
The abscissa and ordinate denote respectively the (unnormalized) removed 
angular momentum and excitation energy. The low energy bound in 20  < 
m < 30 is given by the state with  [1,  0, 01. This curve corresponds to the 
spectrum of a single quasi-hole. Lowering of the low energy bound near 
m = 22 implies that the energy of a single quasi-hole lowers for the quantum 
number near  1 = 8. In 10 < m < 20, the states with  [10,1,  0] shown by 
triangles have low energy but some other states shown by squares lie below 
them. We attribute such behavior of squares to the energy lowering of the 
single quasi-hole with quantum number near 1 = 8. In 0  < m  < 10, the states 
with [10,  10,1] shown by triangles have high energy. The up-shift of the energy
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of these states originates from the repulsive interaction between quasi-holes, 
since in these states two quasi-holes are near the center. We recall here the 
results for systems with six and seven electrons discussed in Chapter 4. In 
Figs.4.3(a) and 4.4, the shape of the spectrum of a single quasi-hole (low 
energy bound in 10 < m < 15 in Fig.4.3(a) and 12  < m < 18 in Fig.4.4) is 
like an arch. On the other hand it is not like an arch but oscillating in Fig.5.5 
of the eleven electron case. We have expected previously that the shape of 
the spectrum of a single quasi-hole becomes like a step in the macroscopic 
limit. We interpret that the oscillating shape of the low energy bound in 
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Figure 5.5: Spectrum of three-quasi-hole states excited  from the Laughlin 
ground state of  v = 1/3 with N = 11 electrons. The abscissa denotes 
(unnormalized) removed angular momentum. Triangles indicate the three-
quasi-hole states with quantum numbers  [1,  0, 0] for 20  <  rn < 30,  [10,  1,0] for 
10  <  Tit  <  20, and  [10,  10,1] for 0  <  rrr. < 10, where 1 ranges from zero to ten. 
Squares indicate the other three-quasi-hole states. The spectral weight on 
three-quasi-hole states along the dashed lines at  (On = 5, (b)15 and  (c)22 
is shown in Fig.5.6.
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  Figures 5.6(a), (b) and (c) show the spectral weight on three-quasi-hole 
states of the single-electron removal excitation at m  = 5, 15 and 22 in v =  1/3 
with N = 11 electrons. In Fig.5.6(c), the spectral weight gets smaller with 
decreasing the excitation energy near low energy bound and almost vanishes 
at the low energy bound. Here the square of the lowest energy in Fig.5.6(c) is 
given by the three-quasi-hole state with quantum numbers  [8,  0, 0]. The same 
tendency is also the case with 20 <  m < 30. We guess that the intensity 
vanishes at the low energy bound in 2 <  fit < 3 in the macroscopic limit, since 
the low energy bound should be formed by the  [1,  0, 0] state. In Fig.5.6(b), 
the third square from the low energy bound corresponds to the state with 
[10, 5, 0] and its weight is nearly zero. We have confirmed that the states with 
 [10,  1,0] have extremely small weight  (e  0(10-1)) in 10  < m  <  20. However 
the behavior of the spectral weight is not so simple as that in Fig.5.6(c), 
namely two states with large weight  (—  0(1)) lies in lower energy side of the 
[10, 5,  0] state. In the macroscopic limit, the states with normalized quantum 
number  [1,1,  0] and  [1,1', 0]  (1,1' 0) should degenerate on the low energy 
bound in 1 <  fit < 2 as described in Sec.5.1. Therefore it is difficult to deduce 
the behavior of spectral weight in 1  <  in  < 2 in the macroscopic limit from 
 Fig.5.6(b). Different from other two cases, the spectral weight in  Fig.5.6(a) 
tends to decrease rapidly with increasing the excitation energy near the high 
energy bound. In this case the high energy bound comes from the state with 
 [10,  10, 5]. We have made sure that the weight on the states with [10,  10,1] in 
0 <  Tri < 10 is always smaller than that on the other three-quasi-hole states 
by factor  10-i at least. In the macroscopic limit, since the high energy bound 
is given by the states with normalized quantum number  [1,  1,1] (0 < 1 < 1), 
we expect that the intensity vanishes at high energy bound. 
  Next, the energy per particle of the Laughlin ground state is shown as a 
function of  1/Nig in Fig.5.7. The calculation was performed for various sys-
tem sizes from N = 6 up to N = 400. The energy per particle is fitted very 
well by a quadratic function of  1/fg. Then we extrapolate to the macro-
scopic limit by the fitting function. The evaluated value in the macroscopic 
limit  eg =  Eg  (N  =  DC)) is
 E  g =  -  0  .  409  8  (±0.0000).
We note that the energy per particle of the Laughlin ground state has been 
obtained in the earlier work by Morf and Halperin (MH) [28]. Our result in 


























 0 # 
tri 











 •  ^
 ^
II
0.50 0.55 0.60 0.65 0.70 0.75 
 co  [e21E1B]
Figure 5.6: Spectral weight on three-quasi-hole states of single-electron re-
moval excitation in  v = 1/3 with N = 11 electrons. Results of m = 5, 15 
and 22 are respectively shown in (a), (b) and (c), which correspond to cross 
sections along the dashed lines in Fig.5.5. The abscissa indicates the excita-
tion energy and the ordinate denotes the spectral weight. We normalized the 
spectral weight by that on the three-quasi-hole state with quantum number 
 [0,  0,  0].
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Figure 5.7: The energy per particle of the Laughlin ground state  E  g(N) 
against  1/VN. The system size is varied from N = 6 to N = 400. The 
Monte-Carlo data are fitted by a quadratic function of  iNKT. By the ex-
trapolation, we obtain the value  Eg = —0.4098 for macroscopic limit.
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  Figure 5.8 shows the excitation energies E000(N),F                                                 -100 \-- Elio(N), and
 (N) against  1/VTV. The quadratic curve of  1/N/TV- also fits  Ecco„),(N) very 
well. The extrapolation to the macroscopic limit gives
 E000 = 0.473 
 Eloo = 0.545 
 -= 0.666 





where we denoted the excitation energy in the macroscopic limit  Eus,),(N = 
 Do) by  E07. Let us here recollect the argument in Section 5.1. The difference 
between  Eloo and  Eno gives the energy necessary to bring a quasi-hole from 
the edge to the bulk. Then we obtain
 AE  = Eloo  —  e000 (=-'0.072,
though Monte-Carlo errors make  0(10') uncertain. The excitation energy 
 Elio of the state with two quasi-holes at the center and one quasi-hole at the 
edge is written as 
 E000  2AE +  E2. 
Similarly, with respect to the state with three quasi-holes at the center, we 
have 
 Eni  6000 +  34€ + €3. 
These expressions yield 
 E2 0.048, 
 E3  0.131. 
It is reasonable that the inequality  E3 3E2 = 0.144 holds where the factor 
3 accounts for the number of ways to choose two quasi-holes out of three. 
  It is possible to evaluate the energy of single quasi-hole in the macroscopic 
limit that arises without changing the number of electrons from the excitation 
energies associated with the electron removal. Let us consider the chemical 
potential  it of the present system in the macroscopic limit. The chemical 
potential is defined by the energy difference between the Laughlin ground 
state energy with N electrons and that with (N — 1) electrons. Here we 
assume that the radius R of the positive charge disk is the same for both N 
and N — 1 electrons and the magnetic field is reduced for N — 1 electrons
59
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Figure 5.8: Excitation energies  s000(N),  Emo(N),  Elio(N), and  eiii(N).The 
energies are obtained for various system sizes from N = 40 to N = 400. 
Each energy is also fitted by a quadratic function of  1/VTV and the val-
ues for macroscopic limit:  Elmo = 0.473  (+0.006),  E100 = 0.545 (±0.006), 
 Elio = 0.666 (+0.005), and  6m = 0.820  (+0.005) are obtained by the 
extrapolation.
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by the factor (1 —  1/N) to maintain the filling factor. Then the resultant 
change of the magnetic field gives the rise of the magnetic length with the 
factor (1 —  1/N)-1/2. Hence the chemical potential is given by 
 3 
        =  NEg(N) — (N —  1)Eg(N —  1) —  1/N =  E9, 
 N  —>  co  z 
We denote the energy of single quasi-hole at the edge by  Ee and that at the 
center by  ce. In the case of v  = 1/3, these energies are related with the 
chemical potential and the excitation energies of three quasi-holes  Eap.Note 
that the single quasi-hole excitation does not change the electron number, 
while the energies  6,0,), involve the removal of an electron. The electron 
removal accompanied by the creation of three quasi-holes at the edge yields 
the equality 
 EON  3Ee —  /i. 
Similarly, creation of two quasi-holes at the edge and one quasi-hole at the 
center gives 
 E100  2Ee  E  c-
Substituting the values evaluated by MC calculation for Eg,  E000, and Eioo, 
we obtain  Ee —0.047 and  Ee r2:-' 0.024 in the macroscopic limit. Here  Ee 
corresponds to proper quasi-hole energy defined by Morf and Halperin (MH) 
 [28]. The gross quasi-hole energy introduced also in the  ref.  [28] is given by 
 e —  u/3 = 0.229 in our notation. The present results for these quasi-hole 
energies are compared favorably with the MH's results 0.026 for and 0.231 
for  Ee — W3. We remark that MH have obtained these values with respect 
to single quasi-hole excitation, while we have been associated with three 
quasi-hole excitation. Thus the argument on the energy of single quasi-hole 
confirms our results of MC calculation. 
  Now we obtain the spectrum of the three-quasi-hole state quantitatively 
for the macroscopic limit from the four energies  E000,  AE,  E2, and €3 evaluated 
by MC calculation. Figure 5.9 shows the result. The spectrum is composed 
of two different continua, namely continuum of free quasi-holes and that 
of repulsively interacting quasi-holes. The free quasi-hole continuum gives 
rise to the step-shaped iterative structure on the low energy bound of the 
spectrum, and the unit of the iteration originates from the spectrum of single 
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Figure 5.9: Excitation spectrum of the three-quasi-hole state in  v =  1/3 
in the macroscopic limit. The abscissa is the angular momentum of the 
removed electron normalized by the number of electron in the excited state. 
The triangles indicate the excitation energies  E111, E110,  Elm, and  6000 from 
the left side. These four energies are evaluated by MC calculation. The dark 
region comes from the motion of free three quasi-holes, while interacting 
quasi-holes yield light gray continuum. The iterative step-like structure on 




We consider the spectrum of the quasi-hole. As seen in Fig.4.3(a), the shape 
of the spectrum of a single quasi-hole is like an arch in the system with six 
electrons. The arch-like shape of the spectrum is also seen in Fig.1.1, the 
single-particle spectrum of the CSM. However its origin is essentially differ-
ent between CSM and the FQH system. While the kinetic energy causes 
the arch-like behavior of the spectrum of a quasi-hole in CSM, the poten-
tial energy of the quasi-hole accounts for that in the FQH system. In the 
single-electron removal from the disk-shaped FQH system with six electrons, 
since the electrons in the excited state prefer pentagonal distribution[36], the 
charge defect at the center due to the quasi-hole stabilize the excited state. 
This leads lowering of the potential energy of the quasi-hole at the center, and 
thus the spectrum of the quasi-hole becomes like an arch. The shape of the 
spectrum of the quasi-hole varies with increase the system size. In the system 
with eleven electrons, the potential energy of the quasi-hole lowers when it is 
separated slightly from the center, because the distribution of electron at the 
center is preferable. This gives rise to the oscillating behavior of the spectrum 
of the single quasi-hole in Fig.5.5 (low energy bound in 12  <  fit <  18). In the 
macroscopic limit, since the electrons distribute uniformly with correlating 
each other, the potential energy of the quasi-hole should be constant in the 
bulk. Therefore the spectrum of the single quasi-hole shapes like step. In 
brief, variation in the potential energy of the quasi-hole due to size effects 
vanishes with increasing the system size, and the spectrum of the quasi-hole 
approaches from the arch-like shape in the small-sized system to the step-like 
in the macroscopic limit. 
  The three-quasi-hole state is classified into the free state of quasi-holes 
and the bound state of them in the macroscopic limit. The bound state 
of quasi-holes yields the light gray continuum in Fig.5.9. We recollect here 
that the binding quasi-holes are in the vicinity on the center. However, since 
the center point should be equivalent to any other places in the bulk in the 
macroscopic limit, quasi-holes can bind also at other places besides the center. 
Such bound states are expressed by a linear combination of three-quasi-hole 
states and their spectrum does not shown in Fig.5.9. The contribution of 
three quasi-holes to the single-electron spectrum should be composed of not 
only the spectrum of three-quasi-hole state shown in Fig.5.9 but also that of 
bound states of quasi-holes expressed by linear combination of three-quasi-
hole states. Anyway the low energy bound of the single-electron spectrum is
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given by the continuum of free three quasi-holes (dark gray region in Fig.5.9), 
since the bound state costs the energy of the repulsive interaction between 
binding quasi-holes. Namely the iterative structure emerges. The step-like 
shape of the unit of iteration reflects the potential energy of the single quasi-
hole, and the number of iteration comes from the number of created quasi-
holes. The structure on the low energy bound of the single-electron spectrum 





We have dealt with disk-shaped FQH systems in this study. In discussing 
FQH system theoretically, the surface of sphere[6, 21] or torus[41, 7, 23] is 
sometimes considered.  While the disk system has the edge, the spherical sys-
tem and torus system do not have the edge. Then we naturally ask ourselves 
how the electron removal spectrum behaves in system without the edge. In 
the case of spherical geometry, the magnetic monopole placed at the center 
of sphere induces the uniform magnetic field on the surface[42,  43]. Let us 
consider the electron removal excitation from the  v = 1/3 ground state. The 
excited state is an eigenstate of the total angular momentum. However it 
has a degree of freedom for  z-component of the total angular momentum, 
 Lz. We assume that an electron at the north pole is removed and just three 
quasi-holes are created. This assumption keeps generality. If all of the three 
quasi-holes are localized at the north (south) pole,  L, takes maximum (mini-
mum) value. If three quasi-holes are in the equator,  L, takes zero. Let us here 
recollect the spectrum of three-quasi-hole states in the disk system, Fig.5.1. 
The unit of iterative structures on the low energy bound corresponds to the 
spectrum of single quasi-hole states. The step-like shape of the spectrum 
comes from the edge effect. Hence, if the system has no edge, the spectrum 
of single quasi-hole states should be completely flat. On this ground we infer 
that the low energy bound of the Li-resolved spectrum in spherical system 
becomes flat and such iterative structures as seen in the disk system does 
not emerge.
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  It is attractive to discuss the exactly solvable model for FQH system. If 
we take the Coulomb interaction, namely  eq.(2.10) or  eq.(4.1), we cannot 
express the electron removed state by p-quasi-hole states exactly. This situa-
tion is similar to the Heisenberg chain, in which the spin excitation contains 
not only two-spinons but also multi-spinons[15,  441. However, for the one-
dimensional spin system, the Haldane-Shastry (HS) model has been known 
as the exactly solvable  model[45,  46]. The ground state of the HS model 
is given by Gutzwiller wave function[47], and the spin excitation is com-
pletely expressed by two-spinons. Here we consider the Hamiltonian  Hp_2 
of eq.(2.14).  Hp_2 has the Laughlin state (2.13) as the exact ground state. 
Moreover the electron removal excitation is composed of p quasi-holes only. 
The context of  Hp_2 is analogous with that of HS model. However we must 
notice that the eigen energies of both the Laughlin state and p-quasi-hole 
state are zero for  Hp_2. Therefore the Hamiltonian  Hp_2 is irrelevant with 
respect to the electron removal excitation. By now the relevant model has 
not been found out. Construction of the relevant model is left as a future 
problem. 
  We comment on the experimental relevance of our study. The single-
electron spectrum in ordinary solid is measured by photoemission. In the 
present system, however the strong magnetic field and the resolution by angu-
lar momentum make the experiment impractical. Instead the light scattering 
gives one of the possibility to observe dynamics of the FQH system[48, 49]. 
The light scattering probes the density fluctuation spectrum in momentum 
space. If the excited electron is decoupled by raising to sufficiently high Lan-
dau level or to another subband of semiconductor surface, we may recognize 
the density fluctuation spectrum as the single-electron spectrum. Then the 
structure due to quasi-hole excitation may appear in the momentum resolved 
spectrum as convolution of the angular momentum dependence. Another 
possibility to verify our study is given by measurement of the density of 
states (DOS). Consider the integration of the single-electron spectral func-
tion by the angular momentum:
 I(w;  N)  =  E  I(m,  w;  N). 
 m
The above function is nothing but DOS. In the macroscopic limit, the low en-
ergy bound of the single-electron spectrum is independent of  it  =  Trt  I (N  —  1) 
except at integer  rri as shown in Fig.5.9. Therefore DOS may manifest singu-
larity at  u) =  E090 +  Ac t.L.) 0.545, E000 +  2AE r'_-L-1- 0.617, and  E000  + 3AE'L--10.689.
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In particular, we have expected in Section 5.3.2 that the intensity increases 
from zero in 2  <  rit < 3 with increasing the excitation energy from the low 
energy bound. Hence we expect that DOS reflect the increasing behavior of 
intensity above w =  E000 +  L€. DOS is experimentally given by tunnelling 
conductivity in the present system. The tunnelling conductivity measure-
ment has been achieved for small-sized systems by  now[50,  51]. Therefore we 
expect that the relevance of our study is confirmed experimentally.
6.2  Summary
We have studied the dynamical response of the electron removal in FQH 
systems with  v = 1/3 and 1/5 for the purpose of revealing the structures in 
the spectrum in terms of the created quasi-holes. 
  First we obtained the single-electron spectral function by numerical diago-
nalization method for small-sized systems in  v = 1/3 and 1/5. In the spectral 
function, we have seen two properties: (i) The spectrum is divided into two 
regions with respect to the intensity, and the region with large intensity lies 
in the low energy side. (ii) There appear iterative arch-like structures with 
some irregularities on the low energy bound, and the number of iteration is 
the same as the number of quasi-holes expected to be created by the electron 
removal. The subsequent study by the variational method has enabled us to 
analyze the single-electron spectrum in terms of the quasi-hole. 
 (i) The region with large intensity almost coincides with the spectrum of 
    p-quasi-hole state defined by  eq.(4.12). This means that the elemen-
    tary excitation picture works and the electron removal excitation is 
    approximately reproduced by p quasi-hole excitation.
 (ii) The arch-like structure on the low energy bound corresponds to the 
    spectrum of a single quasi-hole. Irregularities are naturally interpreted 
    by the behavior of the spectrum of a single quasi-hole. Therefore the 
    structure seen on the low energy bound provides the direct evidence of 
    the quasi-hole excitation with fractional charge. 
  Next we discussed the excitation spectrum of three-quasi-hole states for 
 v = 1/3 in the macroscopic limit. To begin with we derived the spectrum of 
 three-quasi-hole states qualitatively on the basis of naive analyses of three-
quasi-hole states. The expected spectrum has been consistent with the spec-
trum of three hole excitation in  v =  1 with  0(102) electrons. We next showed,
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by Monte-Carlo calculation for v = 1/3 with eleven electrons, that the be-
havior of the excitation spectrum of three-quasi-hole states approaches from 
that in small-sized system to that in the macroscopic limit. Furthermore we 
evaluated by Monte-Carlo method the excitation energies in the macroscopic 
limit with respect to four three-quasi-hole states, namely (1) three quasi-
holes are at the edge, (2) one quasi-hole is at the center with the other two 
at the edge, (3) two quasi-holes are localized at the center with the other 
one at the edge, (4) all the three quasi-holes are at the center. With these 
energies, we expected quantitatively the excitation spectrum of three-quasi-
hole states in the macroscopic limit  (Fig.5.9). The spectrum consists of two 
continua: continuum of free quasi-holes and that of repulsively interacting 
(binding) quasi-holes. The single-electron spectrum in the macroscopic limit 
is not only these two continua of three-quasi-hole states but also the contri-
bution of bound states of quasi-holes expressed by a linear combination of 
three-quasi-hole states. On the low energy bound of the single-electron spec-
trum, there appears the iterative structure coming from the free quasi-hole 
continuum. The step-like shape of the unit of iteration reflects the potential 
energy of the quasi-hole. The number of iteration corresponds to the number 
of created quasi-holes. Consequently we revealed that the structures reflect-
ing the intrinsic nature of the fractionally charged quasi-hole appears on the 




We derive the representation (2.11) from the Hamiltonian (2.10) in this ap-
pendix. We pick up the pair interaction between the i- and j-th electrons, 
                                     e2 
           .ff=P P 
 Elri - rj,  
. It is expanded by the Fourier series: 
      = fvPe=qdq vfdOPeig.(ri-rj)P, (A.1) 
       (27)2q(27)2q 
                       e2                                ,—(2m—1)!!L
m(q2/c),  vg=f d=1Be2 Ecx)V7r                    r=e'q' 
       ET712mm!  m=o 
where  Lm(x) is the Laguerre polynomials. Here we introduce the relative 
guiding center coordinate  Xii =  Xi —  Xi and relative dynamical momentum 
 Trii =  7ri —  ri. We rewrite the relative spatial coordinates in terms of them. 
 peiq.(ri  -r,  )p  p 
                                =  eiq•Xj.,  pei/lq-(7r,j  x P.
Here we remark that P and  Xii are commutable since P does not concern the 
degree of freedom of the guiding center. If we assume that electrons are in 
the n-th Landau level, the dynamical momentum part in the above formula 
is written as 
 x  i)p  e-q212B12pelBq_Ae-IBq+Ai/V-2-e-lpg_All,12-elBq+Aibip 
 e-q2121312{Ln(q21213/2)?,
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where  q± =  q, iqy, and we used the dimensionless operator defined by 
eq. (2.4). For the guiding center part we introduce relative dimensionless 
operator:  B23  (Bi -  Bi)10, which satisfies  [Bii,14] = 1. Then the 
guiding center part is expressed as 
                              = e-q2121312e113q+Bte-lBq_B,3. 
The integration by angle in  eq.(A.1) is performed. 
f=  e-q212B[Ln(q2/20)]2  f  dOe18q+14  e-113q- B" 
                                  200(-1)m22                e—q2/2.6[Ln(q2/13/2)1_27E  q/Br(Bzt3)2(Bur                                ij
m=0(rn!)2 
                              "  
 = e—q212B[Ln(q2/211/2)]2272 (-1)m (q21B)ml! 
 /-0  rri=o  (m!)2 (1 - 
 00 
             = 47re—q212B[Ln(q2(28/2)]2  E  Li(q212B)pi(Lisiz), (A.2) 
                                                 1=0 
where  Pi(Lii,), which satisfies  Eci'fo  Pi(Lijz) = 1/2, is the projection operator 
of the relative angular momentum  Lii, onto  n - 1.  Lii, is defined by 
       Lo1 (z =xj)(Piypjy)1,- 2 Yi  (Pix -  Pjx) 
          =-1+iAi +1) +(AiA3t. + AiAi). 
Substituting (A.2) for (A.1), we obtain 
 Hij =fqdq                  vq47r[Ln(q2/2B)]2 E LA212B)e—2                                         q113,pi(Lijz)J(2 702 /-0 
            1Be2 oo cx)77/(21)!! 1           =  7F‘FrE131(L,3,) E 
                                    2mm!  7r  1=0in=o 
            xf qdqLm(q21M[Ln(q2/2B)i2L1(q212B)e-q212B 
                   e2 co      = _,ViPt(Loz), (A.3)                  E1B1=0 
where  V is called the Haldane's pseudo-potential and given by 
         = \Fir t° (2m-1)!!ftdtL,,(t2)[L,i(t2)12L1(t2)e-t2 (A.4) 
                   2m!  in=0m 
                       70
If we restrict ourselves into the lowest Landau 
given by 
                   =Of(2/ —V!                    Vt  2  2//!





In this part we describe the Monte-Carlo method briefly. We intend to obtain 
the expectation value of a physical quantity  f(ri, r2,  •  • ,  rN): 
      (f) = f  dridr2  •  •  •  drNf  (r1,  r2,  ••  •  ,rN)P(ri,r2,  •  •  •  ,rN), (B.1) 
where P(ri,  r2,  •  •  •  ,rN) is a given probability distribution. Here we keep in 
our mind that the Hamiltonian and the absolute square of a wave function 
are taken as  f(ri, r2,  •  •  •  ,  rN) and  P(ri,  r2,  •  •  • , rN) respectively. The integral 
in eq.(B.1) is approximately replaced by the summation: 
                (f)  1M(i)  (i)  •  •  • (i)  1 7  2  rN ),  M  
i=i 
where i identifies the sampling of the configuration  (r1,  r2,  •  •  • ,  rN) and M is 
the number of samplings. It is necessary to choose the sampling according 
to the probability distribution  P(ri,  r2,  •  •  •, rN). For this end we adopt the 
Metropolis algorithm [52] described as follows. 
  At the beginningwegivea randomconfiguration(r(1i),rn• rii)). Then 
we move the particle 1 randomly to 
 (t)(i)  r
i = ri+
where 
ri (t)  is 
 P(r(It) 
ri (t)  is
  is a random .variation. It is decided whether the new coordinate 
accepted as rr-1) by the following algorithm. We suppose  Pt = 
                  (i)( 
 
, r22),i),  •  •  •rN(i)) and Pi =P(riz), r2i),  ••  •  rN(i)). (I) If Pt is larger than  Pi, 
accepted as  r(i2+1). (II) If  Pt is smaller than  Pi,  LT) is accepted with
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the probability  Pt!  Pi. (III) Otherwise r is accepted as r(1i+1) instead. This 
algorithm is translated in terms of a random number  ri E  [0,  1] generated 
whenever this algorithm is applied:  rCit) is accepted if  ri <  Pt/ Pi, otherwise 
 r(ii) is accepted. This procedure is repeated so as to obtain the configuration 
 (r1i+1),  rri), (i+i))()(i)(i)                   The motionofconfiguration from (ri-•• rN)) 
to (r(1i+1), ri-1-1), • • • r(;v:+1)) is referred to as the Monte-Carlo step. 
  It is proved as follows that the above algorithm yields a set of config-
uration samplings  WI},  ri),  •  •  • ,  r(Ni)) obeying P(ri, r2,  •  •  •, rN). We consider 
the ensemble composed of a huge number  (,/Vi) of the configuration sampling 
            (i) 
 (14i),4), •  •• , rN)). We pick up a sampling  (r(ii),  rW),  •  • ,  r`iri) which is acces-
sible from  WI°,  •  • ,  r(Ni)) by one Monte-Carlo step.  P(r(?),  ri),  •  •  • ,  4j)) is 
denoted by  P3. When  P3 is smaller than  Pi, we have 
              Aripijpj  AriPji  (B.2) 
                         Pi 
according to the algorithm in the equilibrium, where we denoted the probabil-
ity to choose (r(ii), r2(i),  •  •(i)) as (r(t)r(• • -                  rN1,t)(0.or                                 2,rN)from (r(1i), r2(i),  • •  • , rN(i)) 
by  pii. Here the detailed balance principle ensures  pij =  pii. Then eq.(B.2) 
is arranged into 
 Ari 
 Ar  -  P. 
Therefore we obtain • 
 .Ni  OC  Pi. 
  Note that the present MC method has been developed for variational 
uses in which parameters in the probability distribution is optimized for the 
expectation value  [53]. However, in our study, the probability distribution 
has no adjustable parameter, and we have used this method only to obtain 
the expectation value of the Hamiltonian, etc.
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